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Abstract

The box-girder superstructure of coastal bridges is vulnerable to wave-induced
damage in the case of small clearances. The analytical method for estimating the
wave forces on the box-girder superstructure of coastal bridges is proposed based
on the potential flow theory in this paper. The two-dimension problem of the box-
girder superstructure under the wave action is defined with some necessary
simplifications first. Then, the analytical solutions are solved by the eigenfunction
matching method, and the wave force on the submerged box-girder superstructure
is calculated using the Bernoulli principle. After validating the accuracy of the
proposed method by previous calculations and the experimental test, the influences
of the girder type and structural configuration on the wave forces of submerged
box-girder are conducted using the proposed analytical method. The results show
that the girder type has a significant effect on the wave forces of the submerged
superstructure, and the influence of various structural parameters should be
considered comprehensively in the structural safety design under wave actions. The
results of the present study can provide a useful reference for the estimation of wave
forces and the structural design of the box-girder superstructure of coastal bridges.
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1 Introduction
With the continuous development of coastal traffic engineering and the frequent oc-

currence of marine disasters in recent years, the wave force has become the control

load of coastal bridges. During Hurricane Ivan in 2004, India Ocean Tsunami in 2004,

Hurricane Katrina in 2005, and Great Japan Tsunami in 2011, extensive damages to

coastal bridges near the seacoast occurred under the combination of extreme waves

and huge water level rise (Yeh et al. 2007; Shoji and Moriyama 2007; Douglass and

Krolak 2008; Bricker and Nakayama 2014; Motley et al. 2015). Due to the complexity

of the wave-bridge interactions, the estimation of wave forces on the coastal bridge su-

perstructures draws the attention of many engineers and researchers in recent years.
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The mechanics of wave-bridge interactions have been investigated using experimental

tests by many researchers. The wave forces obtained from experimental tests can fully

consider the complex structural geometries, wave breakings, and two-phase flow inter-

actions during the wave-bridge interactions. The I-10 coastal bridge over the Mobile

Bay was selected as the prototype model to conduct a 1:10 scaled experimental test in

the wave flume by Cuomo et al. (2009), and the wave forces on this bridge model were

measured to investigate the influence of the entrapped air. The damaged coastal bridge

was designed as a reinforced concrete model to consider the dynamic responses of

coastal bridge superstructures under wave actions in the study of Bradner et al. (2011).

The springs were used in their experimental tests to obtain various stiffnesses of the

horizontal support system, and the dynamic properties of the bridge system were inves-

tigated under regular and random wave conditions with multiple clearances. 1:10 scaled

experimental tests were conducted by Guo et al. (2015a) to study the quasi-static and

slamming wave forces on the bridge superstructure with the T-type girder. The effect

of water levels, wave heights, wave periods, the existence of the substructure and neigh-

boring segments were determined in their study. To investigate the effect of the en-

trapped air and air vents on the wave forces of coastal bridge superstructures, many

experimental tests were conducted on T-type girders (Seiffert et al. 2014; Istrati et al.

2016; Istrati et al. 2017). In recent years, the wave forces on the commonly used box-

girder superstructures for long-span coastal bridges have become a hot topic in current

research with the development of coastal engineering for the Western Pacific region

(Hayashi 2013; Huang et al. 2018a; Huang et al. 2019b). The experimental tests con-

ducted by Huang et al. (2018a) for the wave forces on the box-girder superstructure

show the significant differences between the wave forces of the two type girders (box-

girder and T-type girder). Their results show that due to the wave blocking effect on

the front empty part of the box-girder, the vertical uplift force on the box girder deck

larger than that on the T-type girder deck. Based on the solitary wave tests on the box-

girder superstructures, Huang et al. (2019b) study the vulnerability assessment of the

box-girder superstructure by comparing wave forces with superstructure’s capacities.

They found that impulsive wave force on box-girder is significant for elevated condi-

tions and failure probability of coastal bridge superstructure subjected to extreme wave

conditions will be effectively reduced by increasing the horizontal and vertical resist-

ance of the bridge superstructure.

With the development of computer and numerical methods, numerical simulations

of wave-bridge interactions have been conducted by many researchers in recent years.

In the case of wave-bridge interactions, the Reynolds-averaged Navier-Stokes (RANS)

equations combine with the volume of fluid (VOF) method are used extensively for

two-phase flow simulations (Xiao et al. 2010; Hayatdavoodi et al. 2014; Motley et al.

2016; Xu et al. 2016a; Xu et al. 2017), and the mass-spring-damper system is imple-

mented with commercial program Fluent to consider the structural vibrations (Xu and

Cai 2015; Xu and Cai 2017). The wave-current interactions (Qu et al. 2018; Huang

et al. 2018b), the effect of inclinations of the deck (Xu and Cai 2014; Motley et al.

2015), the effect of submersion depth (Huang et al. 2019a; Qu et al. 2020) and the

accuracy of particle finite element method in simulating the wave forces on bridge

superstructures (Zhu et al. 2018) were comprehensively studied using numerical

methods.

Huang et al. Advances in Bridge Engineering            (2020) 1:16 Page 2 of 20



However, both experimental tests and numerical calculations require the neces-

sary test site or large computing equipment, and the professional foundation and

operational experience of relevant personnel are also needed. Therefore, highly effi-

cient computational methods and empirical equations for estimating the wave

forces on the coastal bridge superstructures are the key research directions in re-

cent years. Based on the experimental results and numerical simulations, many em-

pirical equations were proposed to calculate the wave forces on various types of

superstructures. Douglass et al. (2006) and McPherson (2008) proposed the wave

forces on the deck and T-type girder using the hydrostatic method based on the

previous observations and experimental tests. Xu et al. (2016b) further extended

the hydrostatic method of McPherson (2008) by adding a hydrodynamic force

component into the total force on the T-type girder superstructures. Based on

the experimental tests of wave forces on the box-girder superstructure and the

empirical equation proposed by Xu et al. (2016b), Huang et al. (2018a) took the

blocking effect of box-girder during the wave-bridge interactions into consider-

ation and proposed an empirical method to estimate the maximum wave forces

on box-girder. These empirical equations are mostly based on experimental tests

and numerical simulation results and only aim at some wave parameters, specific

structural forms, or several submerged states, which cannot guarantee the accur-

acy of estimation results beyond the application scope. Thus, the classic method

named potential flow theory that used to analyze the wave properties and wave

forces for the structure under gravity waves was introduced by Guo et al. (2015b)

to estimate the wave forces on the T-type girder superstructures. The accuracy

and efficiency of the proposed analytical method were validated using two large

scale experimental tests in their study. Fang et al. (2018) further extend the po-

tential flow theory to predict the wave forces on the T-type girder superstruc-

tures under oblique wave action. The effects of wave propagation direction, wave

properties, and structural configuration were investigated using the proposed ana-

lytical method, and the accuracy of the proposed method was validated by an ob-

lique wave test of a 1:10 scaled bridge model (Fang et al. 2019a). The research

conducted by Fang et al. (2019b) also proved that the potential flow theory is

also accurate and efficient in calculating the focused wave force on submerged

plates. Previous literature has indicated that the differences of wave forces on the

box-girder bridges and T-girder bridges are quite different, thus whether the po-

tential flow theory can be used to accurately calculate the wave force on the box-

girder superstructures is worth exploring (Huang et al. 2018a). And the potential

flow theory is utilized to further estimate the wave forces on box-girder super-

structures and investigate the effect of girder type and structural configuration on

wave forces.

In this study, the mathematical formulation for the two-dimension boundary

value problem is introduced first. Then, the accuracy and efficiency of the pro-

posed method are validated by two comparisons, including the classical problem

studied by Mei and Black (1969) and the hydrodynamic experiment on the box-

girder superstructure. Finally, the influences of the girder type and structural con-

figuration on the wave forces of the box-girder superstructures are conducted using

the proposed method.
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2 Mathematical formulation
2.1 Problem definitions

With the construction and development of long-span bridges, the superstructure of

coastal bridges adopted in recent years is the box-girder type. The superstructure of

this type of bridge has a large cross-section size, which is different from the T-type gir-

der in the previous studies. In recent years, the research on the extreme wave force of

the box-girder bridge also shows that the force of the two structures under extreme

wave action has a great difference (Huang et al. 2018a; Huang et al. 2019a). The T-type

girder is always connected by a diaphragm, and the box-girder bridge is a combination

of the box chamber and the bridge deck, which has greater rigidity than the T-type

bridge. In the present study, the potential flow theory is used to establish the model for

a box-girder bridge superstructure under the action of wave forces in a submerged

state, which is simplified as a boundary value problem (shown in Fig. 1).

For the convenience and efficiency of the method, the wave is simplified as an invis-

cid, incompressible, and irrotational material. Therefore, the wave breakings, air cap-

ture, and impulse effect are neglected in the proposed model. This simplification is

reasonable by the fact that the box-girder investigated in the present study is under

submerged conditions, and the impulse action and wave breakings for this situation is

relatively small. With the high rigidity of the box-girder superstructure, the superstruc-

ture is assumed to be a rigid body. Therefore, wave-structure interaction is not dis-

cussed in the present study. The effect of the angle of the web and flange of the box-

girder is assumed to be small, thus the upper flange and web of the box-girder are sim-

plified as vertical edges. The simplified section of the box-girder is shown in Fig.1. Be-

cause the inclination of each part of the box girder is small and close to the vertical

edges, the wave force caused by the angle changes of the web and flange of the box-

girder superstructure can be ignored.

At present, the box-girder superstructure of the coastal bridge is usually made of pre-

stressed concrete and has a large span, the wave-structure system can be simplified to a

two-dimensional problem (Guo et al. 2015b; Fang et al. 2018; Huang et al. 2018a). The

proposed method assuming that the shape of the section remains the same along the

span of the bridge, and the incident wave is assumed to be a linear regular wave and its

Fig. 1 Schematic of the boundary value problem for wave and box -girder system

Huang et al. Advances in Bridge Engineering            (2020) 1:16 Page 4 of 20



propagation direction is perpendicular to the direction of the bridge span. The sche-

matic diagram used in the present study is shown in Fig. 1, and the Cartesian coordin-

ate origin is defined at the top center of the bridge deck. The x-axis in the Cartesian

coordinate system is consistent with the transverse direction of the box-girder bridge

and overlaps with the still water level. As shown in Fig. 1, the entire domain is divided

into five subdomains according to the boundary of the web and flange edges of the

box-girder superstructure. The wave propagates from the offshore region Ω1 to the

vicinity of the box-girder and then interacts with the structure (Ω2, Ω3, and Ω4) and

propagates to the inshore region Ω5, and the offshore subdomain Ω1 and inshore sub-

domain Ω5 are assumed to be an infinite region for simplicity and efficiency.

The two-dimensional potential flow theory is used to solve the wave forces on the

box-girder superstructure. For the periodic problems caused by ocean waves, the time

factor can be separated, and the velocity potential can be expressed as:

Φ x; z; tð Þ ¼ Re ϕ x; zð Þe − iωt
� � ð1Þ

where Re represents to take the real part of the expression, ɷ is the angular frequency

of the incident wave and t is the time. The space velocity potential function of the flow

field ϕ(x, z) should satisfy the Laplace governing equation:

∂2ϕ x; zð Þ
∂x2

þ ∂2ϕ x; zð Þ
∂z2

¼ 0 ð2Þ

Besides, the velocity potentials also need to satisfy the following boundary conditions:

1) Linearized free surface condition:

∂ϕ x; zð Þ
∂z

¼ ω2

g
ϕ x; zð Þ xj j≥Bt ; z ¼ 0ð Þ ð3Þ

where g represents the gravity acceleration and Bt denotes half the width of the bridge

deck.

2) Seabed boundary condition:

∂ϕ x; zð Þ
∂z

¼ 0 z ¼ − d ð4Þ

in which the d is the water depth.

3) Top flange boundary conditions:

∂ϕ x; zð Þ
∂z

¼ 0 Bb≤ xj j≤Bt ; z ¼ − htð Þ ð5Þ
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∂ϕ x; zð Þ
∂x

¼ 0 xj j ¼ Bt ; − ht ≤z≤0ð Þ ð6Þ

where Bb represents half the width of the bridge girder and ht is the height of the

bridge deck.

4) Web surface boundary conditions:

∂ϕ x; zð Þ
∂z

¼ 0 xj j≤Bb; z ¼ − hbð Þ ð7Þ

∂ϕ x; zð Þ
∂x

¼ 0 xj j ¼ Bb; − hb≤z≤ − htð Þ ð8Þ

in which the hb is the height of the box-girder superstructure.

Furthermore, the flow fluids in the interior subdomains (Ω2, Ω3, and Ω4) are inter-

connected, and the velocity potentials and the horizontal velocities need to satisfy the

continuity condition at the junction of the subdomains,

ϕ j x; zð Þ ¼ ϕ jþ1 x; zð Þ j ¼ 2; 3ð Þ ð9Þ

ϕ j x; zð Þ
∂x

¼ ϕ jþ1 x; zð Þ
∂x

j ¼ 2; 3ð Þ ð10Þ

2.2 Analytical solution

The classical solution is solving the velocity potential using the eigenfunction expansion

method in different subdomains, and the equations of solving unknown coefficients are

established by combining different boundary conditions. Mei and Black (1969) simpli-

fied the wave reflection and projection problems of square box structure by decompos-

ing them into positive symmetric and antisymmetric problems. In this study, the

velocity potential is decomposed into symmetric potential ϕs and antisymmetric poten-

tial ϕa using the proposed method. The velocity potential function satisfies the follow-

ing characteristics:

ϕ x; zð Þ ¼ ϕs x; zð Þ þ ϕaðx; zÞ½ �=2 ð11Þ
ϕs x; zð Þ ¼ ϕs − x; zð Þ ð12Þ
ϕa x; zð Þ ¼ ‐ϕa − x; zð Þ ð13Þ

The method can limit the calculation region to half of the region (x < 0) to solve the

problem, and the symmetric and antisymmetric solutions are solved respectively as

follow.

(1) Symmetric solutions

The symmetric velocity potentials of limit subdomains (Ω1, Ω2, and left half of Ω3)

can be determined by the eigenfunction expansion method and corresponding bound-

ary conditions:
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ϕs
1 x; zð Þ ¼ ‐

igA
ω

eik0 xþBtð Þ þ As
0e

‐ik0 xþBtð Þ
� �

Z0 k0zð Þ þ
X∞
n¼1

As
ne

kn xþBtð ÞZn knzð Þ
" #

ð14Þ

ϕs
2 x; zð Þ ¼ ‐

igA
ω

Bs
10Y 10 λ10zð Þ þ

X∞
n¼1

Bs
1n

coshλ1nx
coshλ1nBt

Y 1n λ1nzð Þ
" #

ð15Þ

ϕs
3 x; zð Þ ¼ ‐

igA
ω

Bs
20Y 20 λ20zð Þ þ

X∞
n¼1

Bs
2n

coshλ2nx
coshλ2nBb

Y 2n λ2nzð Þ
" #

ð16Þ

where A is the amplitude of the incident wave; AS n, BS 1n, and BS 2n is the unknown

coefficient of symmetric velocity potential for subdomains Ω1, Ω2, and left half of Ω3,

respectively. Zn(knz), Y1n(λ1n z) and Y2n(λ2n z) is the vertical eigenfunctions in subdo-

mains Ω1, Ω2 and left half of Ω3, respectively, which can be expressed as:

Zn knzð Þ ¼ coshk0 z þ dð Þ= coshk0d
coskn z þ dð Þ= cosknd n ¼ 1; 2;⋯ð Þ

�
ð17Þ

Y 1n λ1nzð Þ ¼
ffiffiffi
2

p
=2 n ¼ 0ð Þ

cosλ1n z þ dð Þ n ¼ 1; 2;⋯ð Þ
�

ð18Þ

Y 2n λ2nzð Þ ¼
ffiffiffi
2

p
=2 n ¼ 0ð Þ

cosλ2n z þ dð Þ n ¼ 1; 2;⋯ð Þ
�

ð19Þ

in which the k0 and kn are the corresponding wave numbers solving by dispersion

equation.

ω2 ¼ gk0 tanhk0d
− gkn tanhknd n ¼ 1; 2;⋯ð Þ

�
ð20Þ

λ1n and λ2n can be determined by solving the following equations:

λ1n ¼ nπ= d − htð Þ n ¼ 0; 1; 2;⋯ð Þ ð21Þ
λ2n ¼ nπ= d − hbð Þ n ¼ 0; 1; 2;⋯ð Þ ð22Þ

The vertical eigenfunctions Zn(knz), Y1n(λ1n z) and Y2n(λ2n z) all satisfy the orthogonal-

ity relationship in their corresponding subdomain:

Z 0

‐d
Zm kmzð ÞZn knzð Þdz ¼

0 m≠nð Þ
d=2þ sinh2k0d=4k0ð Þ= cosh2k0d m ¼ n ¼ 0ð Þ
d=2þ sinh2kmd=4kmð Þ= cosh2kmd m ¼ n≠0ð Þ

8<
:

ð23ÞZ − ht

‐d
Y 1m λ1mzð ÞY 1n λ1nzð Þdz ¼ 0 m≠nð Þ

d − htð Þ=2 m ¼ nð Þ
�

ð24Þ

Z − hb

‐d
Y 2m λ2mzð ÞY 2n λ2nzð Þdz ¼ 0 m≠nð Þ

d − hbð Þ=2 m ¼ nð Þ
�

ð25Þ

At the interfaces of x = −Bt, the continuity conditions in Eqs. (9, 10) can be

substituted into Eqs. (14, 15), and integrating the equation related to vertical water

depth z from z = − d to z = − ht to obtain the linear equations by truncating n to N:

f sn
� �

Nþ1 þ asnm
� �

Nþ1ð Þ� Nþ1ð Þ As
n

� 	
Nþ1 ¼ Bs

1n

� 	
Nþ1 ð26Þ

Huang et al. Advances in Bridge Engineering            (2020) 1:16 Page 7 of 20



esn
� �

Nþ1 þ As
n

� 	
Nþ1 ¼ bsmn

� �
Nþ1ð Þ� Nþ1ð Þ Bs

1n

� 	
Nþ1 ð27Þ

where the detailed formulations of fn
s, anm

s, en
s, and bmn

s can be found in the

Appendix.

At the interfaces of x = −Bb, the continuity conditions Eqs. (9, 10) can be substituted

into Eqs. (15, 16), and integrating the equation related to vertical water depth z from

z = − d to z = − hb to obtain the linear equation by truncating n to N:

csmm

� �
Nþ1ð Þ� Nþ1ð Þ B1n

sf gNþ1 ¼ B2n
sf gNþ1 ð28Þ

AS n and BS 1n can be calculated from Eqs. (26, 27), and then the BS 2n can be ob-

tained by substituting BS 1n into Eq. (28).

(2) Antisymmetric solutions

Based on the antisymmetric solution and corresponding boundary conditions, the

antisymmetric velocity potentials are obtained by solving the Laplace governing equa-

tion in Eq. (2) for limit subdomains (Ω1, Ω2 and left half of Ω3):

ϕa
1 x; zð Þ ¼ ‐

igA
ω

eik0 xþBtð Þ þ Aa
0e

‐ik0 xþBtð Þ
� �

Z0 k0zð Þ þ
X∞
n¼1

Aa
ne

kn xþBtð ÞZn knzð Þ
" #

ð29Þ

ϕa
2 x; zð Þ ¼ ‐

igA
ω

Ba
10

x
Bt

Y 10 λ10zð Þ þ
X∞
n¼1

Ba
1n

sinhλ1nx
sinhλ1nBt

Y 1n λ1nzð Þ
" #

ð30Þ

ϕa
3 x; zð Þ ¼ ‐

igA
ω

Ba
20

x
Bb

Y 20 λ20zð Þ þ
X∞
n¼1

Ba
2n

sinhλ2nx
sinhλ2nBb

Y 2n λ2nzð Þ
" #

ð31Þ

Similarly, the equations of the unknown coefficients are calculated at the interfaces of

x = −Bt and x = −Bb by substituting velocity potentials Eqs. (29) to (31) into the continu-

ity conditions Eqs. (9, 10). Then, through multiplying by the vertical eigenfunctions and

integrating the equations related to the water depth of the subdomains, three sets of

linear equations can be achieved by truncating n to N:

f an
� �

Nþ1 þ aanm
� �

Nþ1ð Þ� Nþ1ð Þ Aa
n

� 	
Nþ1 ¼ Ba

1n

� 	
Nþ1 ð32Þ

ean
� �

Nþ1 þ Aa
n

� 	
Nþ1 ¼ bamn

� �
Nþ1ð Þ� Nþ1ð Þ Ba

1n

� 	
Nþ1 ð33Þ

camn

� �
Nþ1ð Þ� Nþ1ð Þ Ba

1n

� 	
Nþ1 ¼ Ba

2n

� 	
Nþ1 ð34Þ

where the detailed formulations of fn
a, anm

a, en
a, bmn

a, and cmn
a can be found in the

Appendix.

The unknown coefficients AS n, BS 1n, and BS 2n for the antisymmetric solutions of

velocity potentials are obtained by solving these three sets of linear equations Eqs. (32)

to (34).

After obtaining the symmetric and antisymmetric solutions of velocity potentials in

offshore subdomain Ω1, the reflection coefficient R and the transmission coefficient T

of this subdomain can be calculated as follows:

R ¼ Rs þ Rað Þ=2 ¼ As
0 þ Aa

0


 �
=2 ð35Þ
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T ¼ Rs − Rað Þ=2 ¼ As
0 − Aa

0


 �
=2 ð36Þ

which following the energy conservation condition:

Rj j2 þ Tj j2 ¼ 1 ð37Þ

The horizontal and vertical wave forces on the box-girder superstructure can be ob-

tained by integrating the pressure along the surface of the structure using the linear

Bernoulli equation:

FH tð Þ ¼ ∬
S
pnxe

− iωtdS ¼ iωρ
� Z 0

− ht

ϕ − Bt; zð Þdz þ
Z − ht

− hb

ϕð − Bb; zÞdz

−
Z 0

− ht

ϕðBt ; zÞdz −
Z − ht

− hb

ϕðBb; zÞdz�e − iωt

¼ iωρ
Z 0

− ht

ϕa
1 − Bt ; zð Þdz þ

Z − ht

− hb

ϕa
2ð − Bb; zÞdz

� 

e − iωt

ð38Þ

FV ðtÞ ¼ ∬
S
pnze

− iωtdS ¼ iωρ½
Z Bt

− Bt

ϕðx; − htÞdxþ
Z Bb

− Bb

ϕ

 
x; − hb

!
dx�e − iωt

¼ iωρ½
Z − Bb

− Bt

ϕs
2ðx; − htÞdxþ

Z 0

− Bb

ϕs
3

 
x; − hb

!
dx�e − iωt

ð39Þ

In which the FH and FV are the horizontal and vertical wave forces on the box-girder

superstructure, respectively, p is the pressure on the surface of the box-girder super-

structure and ρ represents the water density.

3 Model validation
Two comparisons are conducted to validate the efficiency and accuracy of the proposed

method, including the classical problem studied by Mei and Black (1969) and the

hydrodynamic experiment on the box-girder superstructure investigated by Zhang et al.

(2020). The first one is the wave action on the rectangle structure, and the rectangular

structure can be considered as a special form of the box-girder superstructure with ht =

hb and Bt = Bb. The proposed method is implemented using Matlab and by truncating

the infinite series order at n =N. The influences of the evanescent modes in the velocity

potentials (Eqs. (14–16, 29–31)) on the accuracy and efficiency of the analytical solu-

tions are investigated firstly. In this case, the box-girder superstructure is simplified as

a rectangular structure with ht = hb = 0.09 m, Bt = Bb = 0.25 m, and d = 0.713 m. Figure 2

shows the influence of the evanescent mode on nondimensional horizontal and vertical

wave forces on the rectangular structure. As can be seen in Fig. 2, the non-dimensional

vertical wave forces decrease with the increases of k0Bt and the horizontal wave forces

increases first when k0Bt < 1.2 and then decreases with the increase of k0Bt. In the

present study, k0Bt represents the wave number coefficient related to the wave period.

The influence of the evanescent mode on nondimensional wave forces in Fig. 2 shows

that the calculation results are unstable when the evanescent mode is smaller than 3. It

is shown that the non-dimensional vertical wave forces gradually converge to stable

values when the truncation order large than 3, and the nondimensional horizontal wave
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forces decreases significantly with the increases of the evanescent mode and finally tends

to be stable at truncation order equal to 6 with fluctuation ratio less than 2%. Therefore,

the analytical solutions presented in the following study are restricted by truncating the

infinite series at n = 10 to meet both computational efficiency and accuracy.

Following the determined truncation order and proposed model, the horizontal and verti-

cal wave forces, reflection coefficient, and transmission coefficient of the rectangle structure

are calculated. Figure 3 shows the comparisons of reflection coefficient Kr, transmission co-

efficient Kt and the nondimensional horizontal and vertical wave forces on the rectangle

structure between the present study and Mei and Black (1969). In can be found that the cal-

culation results from the present model and the analytical solutions from Mei and Black

(1969) are consistent with each other, which indicates that the proposed model of wave

force on the rectangle superstructure is reliably, and the proposed model can also estimate

the wave properties (reflection and transmission coefficient) accurately.

The second validation case is the experimental test on the 1:30 scale box-girder

superstructure under the action of wave forces. This experimental test was conducted

in the wave flume at Southwest Jiaotong University in China. As can be seen in Fig. 4,

the test specimen was fixed to the middle part of the wave flume by a rigid connection

structure and connected with a three-component dynamometer. The offshore approach

Fig. 2 Influence of the evanescent mode on the non-dimensional vertical (a) and horizontal wave forces
(b) on the rectangular structure

Fig. 3 Comparisons of reflection and transmission coefficients (a) and the nondimensional horizontal and
vertical wave forces (b) on the rectangle structure between the present study and Mei and Black (1969)
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span is simply supported, and the length of the bridge model is L = 1.96 m. According

to the experimental wave parameters and the bridge model parameters, the water depth

was set as d = 0.713 m, the thickness of bridge deck ht = 0.015 m, the height of the box-

girder superstructure hb = 0.09 m, the half-width of the bridge deck Bt = 0.25 m, and the

half-width of box-girder Bb = 0.128 m. The detail of the experimental setup can be

found in the study conducted by Zhang et al. (2020).

The influences of several submergence coefficients Cs, wave heights H, wave periods T,

and current velocities V on the wave forces on the box-girder superstructure was con-

ducted by the experimental tests. The submergence coefficients Cs = y/hb, where y repre-

sents the submerged depth of the box-girder superstructure. The experimental results for

the submerged state Cs = 1 of the box-girder superstructures are chosen for the validation

of the proposed potential flow model (the water depth is set as d = 0.713m). Four differ-

ent wave heights from 0.033m to 0.133m with an interval of 0.033m and four different

wave periods of 0.949, 1.314, 1.68, and 2.045 were conducted in the test with the submer-

gence coefficients Cs = 1. The 3-component dynamometer with the sampling frequency of

50Hz was used to measure the wave forces on the bridge model, and the test results are

presented in normalized forms. In addition, four kinds of wave forces are considered in

this case, including the nondimensional maximum vertical wave forces (FVmax/ρgBtA),

minimum vertical wave forces (FVmin/ρgBtA), maximum horizontal wave forces (FHmax/

ρghbA), and minimum horizontal wave forces (FHmin/ρghbA).

Figure 5 shows a comparison of the analytical solutions and experimental results.

The analytical solutions of the non-dimensional maximum and minimum vertical wave

forces on the box-girder have the same trend as the experimental results, and the

values are close to each other from Fig. 5(a) and (b). The maximum vertical force test

results are slightly smaller than the analytical solutions when k0Bt < 1, and the analytical

Fig. 4 Box-girder superstructure model investigated in the experimental test (Zhang et al. 2020)
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and experimental results are in good agreement when k0Bt > 1. At the same time, for

the test conditions with a large wave number, the experimental results fluctuate greatly.

Compared with the maximum vertical force, the analytical calculation results of mini-

mum vertical force are more consistent with the experimental results. By analyzing the

above trends through experimental phenomena and analytical methods, it can be found

that the wave overtopping happens when the wave acting on the box-girder under sub-

merged conditions and further induces the decrease of maximum vertical wave forces.

However, the integral range of the vertical wave force on the box-girder does not in-

clude the upper boundary of the bridge deck in the analytical calculation, so the max-

imum vertical force is overestimated. The analytical solutions of nondimensional

horizontal forces are generally smaller than the test results, and the minimum horizon-

tal force is more consistent with the test result than the maximum horizontal force

(Fig. 5(c) and (d)). The horizontal impulse wave forces on the web of box-girder cannot

be calculated by potential flow theory, but the research conducted by Huang et al.

(2018a) pointed out that the impact force plays a certain proportion in the horizontal

wave force due to the blocking effect of the empty part of the box-girder. Therefore,

the horizontal wave forces on the box-girder calculated by the proposed method are

smaller than the experimental results. It is should be noted that the deviation exists be-

tween the analytical solutions and experimental results may also due to other effects,

such as experimental errors, nonlinear effect, and model simplification effect. Generally

speaking, the calculation results based on the potential flow theoretical model can rea-

sonably predict the wave forces on the box-girder superstructure.

Fig. 5 Comparison of (a) maximum vertical, (b) minimum vertical, (c) maximum horizontal, and (d) minimum
horizontal wave forces on box-girder superstructure between the present study and the experimental tests
conducted by Zhang et al. (2020)
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4 Results and discussion
4.1 Effect of the girder type

Since a large number of coastal bridges were destroyed in the coastal area of the Gulf of

Mexica during Hurricane Ivan and Katrina, the wave forces and vulnerability analysis of

coastal bridges under the action of extreme waves have been investigated. Different from

the box-girder superstructures studied in this paper, the previous research has paid more

attention to the superstructure with T-type girders commonly seen along with the coastal

areas of the United States (Hayatdavoodi et al. 2015; Qu et al. 2017; Fang et al. 2019a).

Guo et al. (2015b) estimated the wave forces acting on the submerged bridge superstruc-

ture with T-type girders during a hurricane based on the potential flow method. They

gave a comprehensive study on the calculation of maximum wave forces on the super-

structure, and the comparison of wave forces between the analytical solution and the

AASHTO model. However, the box-girder superstructure widely used in the long-span

coastal bridges is quite different from the T-type superstructure in structure type, and the

flow field and the wave forces for these two superstructures will also be different under

the action of extreme waves. In recent years, researches on the wave forces of box-girder

superstructures have found that the calculation methods and empirical formulas applic-

able to the extreme wave forces on T-girder superstructures cannot be directly applied to

the calculation of extreme wave forces on box-girder superstructures. Based on the pro-

posed analytical method, the effect of the girder type (T-girder and box-girder) is studied

in this subsection. The wave forces on the T-type girders calculated by Guo et al. (2015b)

are used to compare with the wave forces on the box-girder superstructure that can be es-

timated by the proposed analytical method. Additionally, the determination of structural

parameters of the box-girder in this comparison should ensure that the two types of su-

perstructures have the same width of the bridge deck and the girder height. Therefore,

the parameters of box-girder superstructure are set as ht = 0.03m, hb = 0.17m, Bt = 0.5m,

Bb = 0.25 and d = 1.345m.

Figure 6 shows the comparison of wave forces between T-girder and box-girder, and it can

be seen that different girder types under wave action have a greater influence on the wave

forces. According to the dispersion relation of linear waves, the k0Bt value of the x-coordinate

is a nondimensional parameter related to the wave period. The maximum horizontal wave

forces on the two superstructures all present the trend of increase with the increases of k0Bt
when k0Bt < 1. However, the maximum horizontal wave forces on the T-girder present a sharp

increase when k0Bt < 1, reaches the peak when the k0Bt value is equal to 1, and decrease slowly

when k0Bt > 1. The maximum horizontal wave force on the T-girder is larger than that on the

box-girder with the same k0Bt value. This phenomenon is related to the different shapes of

two girders, it could be concluded that the waves are directly acting on the web of the T-

girder due to the short flange of the T-girder. Bu in the case of the box-girder, the front part

of the deck flange is interacting with waves firstly, and then waves acting on the girder web

with waves propagate. The wave that interacts with the web of the box-girder decreases with

wave propagation and diffraction, and finally resulting in the maximum horizontal wave force

of the box-girder is smaller than that of the T-girder. In addition, with the increase of k0Bt, the

horizontal wave forces on the box-girder always present an increasing trend, which indicates

that the influence of the wave period on the wave force of the box-girder will gradually reduce

with the decrease of the wave period.
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As shown in Fig. 6(b), the maximum vertical wave forces on the two superstructures

are nearly the same when k0Bt < 0.3. It is shown that when the wave period and wave-

length are large, the superstructure shape has no influence on the wave forces, mainly

because the drag force and wake effect are ignored in the analytical calculation, the in-

fluence of the girder shape on the wave load can be ignored. The maximum vertical

wave force on the T-girder decreases more rapidly than that on the box-girder when

k0Bt > 0.3, and gradually trend to stable for the wave forces on the two superstructures

when k0Bt > 1.6. The maximum vertical wave force on the T-girder is smaller than that

on the box-girder when k0Bt > 0.3. This phenomenon is mainly since the deck bottom

and the web bottom of the box-girder always under the wave actions, while the velocity

potential between T-girder and waves is small due to the existence of girder gaps.

Huang et al. (2018a) conducted a study on the hurricane-induced wave forces on the

box-girder and T-girder, and the comparison of wave forces between T-girder and box-

girder in the submerged state were investigated in their study using OpenFOAM. The

results show that the maximum horizontal wave force on the T-girder is greater

than the wave force on the box-girder, and the maximum vertical wave force on

the T-girder is smaller than that on the box-girder under the submerged state,

which is consistent with the calculation results of this study. At the same time,

compared with the time-consuming pretreatment and programming calculation in

the numerical simulation, the proposed analytical method for the wave forces on

the coastal bridge superstructures based on the potential flow theory is more effi-

cient and simpler.

4.2 Effect of the structural configuration

The structural parameters are also important factors that affect the wave force on the

box-girder superstructures, thus the relationship of wave forces on box-girder and the

structural configuration is discussed in the following. Based on the proposed analytical

method, the influences of the relative width of the girder L = Bb/Bt, the relative thick-

ness of the deck W = ht/hb, the relative width of the deck Z = Bt/d, and the relative

height of the box-girder superstructure D = hb/d on the wave forces of the box-girder

superstructure are investigated. It should be noted that the four dimensionless parame-

ters include the main factors related to the structural configuration of the box-girder

Fig. 6 Comparison of wave forces on T-girder from Guo et al. (2015b) and wave forces on box-girder
superstructure calculated by the proposed method
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superstructure, and the parameter values cover the main range of the size of the box-

girder superstructure.

Figure 7 illustrates the effect of the relative width of the girder L on the wave forces

of the box-girder superstructure. It is shown that the variation trends of the maximum

vertical and horizontal wave forces are similar to the increase of k0Bt under different

conditions of L. The vertical wave force decreases with the increase of the relative

width of the girder, and the relative width of the girder has a smaller effect on the verti-

cal wave forces with large wave periods than that with small wave periods. Compared

with the maximum vertical force, the horizontal wave force increases obviously with

the increase of L, and the amplifications are similar under different wave period condi-

tions. Through analyzing the potential function and boundary conditions of the flow

field using the potential flow theory method, the main reason for these phenomena is

that the increase of the width of the web leads to the decrease of the space between the

flange and the web, and the interference effect of the flange on the flow field is reduced.

The conversion of the horizontal velocity component caused by the wave impulse on

the flange is negligible because the impulse effect is small with the submerged condi-

tion of box-girder superstructures. With the decrease of L, the width of the region Ω2

below the flange increases, and further increase the wave propagation distance to the

web of the box girder. Besides, the interference of the flange will result in the attenu-

ation of the horizontal velocity component of the flow field with the propagation dis-

tance. Therefore, the horizontal maximum wave forces increase with the decreases of L.

At the same time, as the depth of the water increases, the vertical wave velocity compo-

nent decreases, resulting in a larger vertical wave force acting on the bottom of the

deck than on the bottom of the girder. Therefore, the increase of L leads to a decrease

in the width of the bottom of the deck that is subjected to vertical wave forces, which

further leads to the reduction of vertical wave forces.

Figure 8 shows that nondimensional vertical wave forces decreasing with the increase

of k0Bt and the effect of the relative thickness of the deck on the vertical wave forces is

increase with the increase of k0Bt. For k0Bt < 1.2, the maximum horizontal wave forces

increase with the increase of k0Bt and reach the peak value of horizontal wave force

when the wave number approximately 1.2. Additionally, the box-girder superstructure

with a higher W experiences a larger horizontal wave force, and differences of horizon-

tal wave forces among these superstructures with different W reaches the highest value

when the wave number approximately 1.2. Furthermore, the box-girder superstructure

Fig. 7 Influence of the relative width of the girder on the wave forces of the box-girder superstructure
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with a higher W endures a higher distance from the bottom of the deck to the still

water level, the vertical velocity component of water particle around the bottom of the

deck will decrease and further results in the decrease of the maximum vertical wave

forces. The relative thickness of the deck affects the horizontal wave forces on the front

of the deck and the web of the girder and a strong reflection caused by a higher deck

thickness will result in larger horizontal wave forces on the front of the deck.

The effect of the relative height of the box-girder on the wave forces of the box-

girder superstructure is shown in Fig. 9. The height of the box-girder increases with

the increase of the relative height D of the box-girder under the condition of constant

water depth, which changes the relative position relation between the box-girder and

the flow field. With the increase of D, although the width of the box-girder and the

stressed area in the vertical direction do not change, the deck and web of the box girder

structure are close to the bottom, so the vertical wave force acting on the box-girder is

significantly reduced. Under the condition of the different relative height of the box-

girder height, the variation trend of dimensionless maximum horizontal forces with

wave number k0Bt is different. When the relative height of the box-girder is small (D =

0.1), that is, the bottom of the box-girder is far away from the water bottom, the di-

mensionless horizontal force increases with the increase of wave number and becomes

stable after wave number equal to 2.0. Then, with the increase of the relative height,

the dimensionless horizontal wave force increases first and then decreases with k0Bt. As

a result, the dimensionless horizontal force increases with the increase of D for the

Fig. 8 Influence of the relative thickness of the deck on the wave forces of the box-girder superstructure

Fig. 9 Influence of the relative height of the box-girder on the wave forces of the box-girder superstructure
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large wave period condition and decreases with the increase of D for the small wave

period condition.

As shown in Fig. 10, the influence of the relative width of the deck on the wave forces

of the box-girder superstructure is conducted using the proposed method. The dimen-

sionless vertical force on the box-girder structure is greatly affected by the relative

width of the deck, the smaller Z results in a smaller dimensionless maximum vertical

force, and the decreasing trend becomes more and more obvious with the decreasing of

Z. With the increase of Z, the area that suffered the wave action in the vertical direc-

tion increases, and further leads to the increase of the vertical wave force. Under the

condition of the different relative width of the deck, the variation trend of dimension-

less horizontal forces with wave number is also significantly different, which is just op-

posite to the trend of the relative height of the box-girder shown in Fig. 9(b). This

phenomenon may be related to the ratio of wavelength to the width of the box-girder

superstructure. As a result, the dimensionless horizontal force tends to increase with

the increase of relative flange width under the condition of a small wave period and de-

crease under the condition of a large wave period. The wave number corresponding to

the peak value of the horizontal wave forces for various relative width of the deck is in

the range of 1.0 to 1.5.

In general, the effect of two nondimensional parameters (relative width of the girder

and relative thickness of the deck) of the box-girder superstructures on maximum wave

forces is similar. In other words, the increase of the two parameters results in the de-

crease of the dimensionless vertical force and the increase of the dimensionless hori-

zontal force. For the remaining two dimensionless structure dimension parameters,

their influences on wave forces are quite different. It can be concluded that in the safety

design of the box-girder superstructure considering the action of wave forces, the

influence of multiple structural dimension parameters should be considered

comprehensively.

5 Conclusions
The analytical method to estimate the wave forces on the box-girder superstructures in

the submerged condition is proposed based on the potential flow theory and matching

eigenfunction method in this paper. The accuracy and efficiency of the proposed ana-

lytical method are validated by the classical problem studied by Mei and Black (1969)

and the hydrodynamic experiment conducted on the box-girder superstructure. Further

Fig. 10 Influence of the relative width of the deck on the wave forces of the box-girder superstructure
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investigation about the influences of the girder type and structural configuration on the

wave forces of the box-girder superstructures are conducted using the proposed

method. Based on the investigations, the following conclusions are reached:

(1) The proposed analytical method based on the potential flow theory and matching

eigenfunction method is efficient and accurate in calculating the wave forces on

the box-girder superstructure in the submerged condition.

(2) The girder type has a greater influence on the wave forces on the superstructure of

coastal bridges. The maximum horizontal wave force on the T-girder is larger than

that on the box-girder with the same k0Bt value. The maximum vertical wave

forces on the two superstructures are nearly the same when k0Bt < 0.3. The max-

imum vertical wave force on the T-girder is smaller than that on the box-girder

when k0Bt > 0.3.

(3) The effect of four non-dimensional parameters of the box-girder superstructures

on maximum wave forces is quite different. The influence of multiple structural di-

mension parameters should be considered comprehensively in the safety design of

the box-girder superstructure considering the action of wave forces.

(4) The analytical method is proposed based on the linear framework, and the

interaction between the waves and the box-girder superstructure was ignored in

the present study. The three-dimensional analytical model and the effect of struc-

tural response on the wave forces of the box-girder superstructure should be con-

ducted in future research.
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