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Abstract

This article presents a numerical assessment of pedestrian-induced vibrations for a
wide range of girder footbridges before and after the installation of tuned-mass
dampers (TMD). Realistic pedestrian loads are defined using a stochastic model that
represents the key characteristics of pedestrians and their intra- and inter-subject
variability with the aim of ensuring an accurate estimation of the dynamic response.
A comprehensive set of numerical analyses have been performed considering different
cross sections, structural materials, span lengths (up to 100m), and pedestrian flows.
The optimal TMD characteristics, number and location, required to reduce the
accelerations, down to a level that fulfils serviceability criteria, are identified. Design
recommendations for girder footbridges implementing damping devices at the design
stage are also included.

Keywords: Girder footbridges, Pedestrian loads, Tuned mass damper (TMD), Dynamic
analysis, Serviceability, TMD effectiveness

1 Introduction
A key challenge for the bridge engineering community is addressing the design of in-

creasingly slender footbridges, some of which also have relatively long spans. The main

uncertainties are linked to the vibration problems that can arise in footbridges due to

pedestrian traffic. If any of the footbridge natural frequencies lies near the strep fre-

quencies of the pedestrians, resonant effects leading to large response may occur, and

cause discomfort to users. In many cases, supplemental damping devices are required

to mitigate human-induced vibrations in footbridges. However, these devices are fre-

quently chosen after the structure has been built to mitigate against unintended levels

of vibration. There are also situations when they are included at the design stage, but

are often designed in an overlay conservative manner.

In recent years, various studies have focused on developing methods to mitigate

human-induced vibration in pedestrian bridges, with most of the emphasis being given

to vibration in the vertical direction (Fujino et al. 1993; Nakamura 2004; Dallard et al.

2001). However, excessive lateral vibrations registered at the Toda Park bridge
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(T-bridge) in Japan (Fujino et al. 1993; Nakamura 2004), the London Millennium

Bridge (Dallard et al. 2001), and The Pont de Solferino (also known as Passerelle

Léopold-Sédar-Senghor), in Paris (Danbon and Grillaud 2005) resulted in more

intense research attention on the analysis of lateral vibrations. The London

Millennium Bridge and the Passerelle Léopold-Sédar-Senghor were closed after

their inaugurations in 1999 and 2000 respectively to implement damping devices

to reduce unexpected severe lateral vibrations. Due to these high-profile cases,

the dynamic response in the lateral direction is nowadays also considered during

the design of footbridges (Charles et al. 2006; Butz et al. 2007). For lateral vibra-

tions, research has focussed on the “lock-in” effect, which is also referred to as

synchronous lateral excitation. This effect is caused when pedestrians synchronize

their step frequencies with the frequency associated with the lateral vibration of

the structure. Many studies to date have proposed deterministic models for simu-

lating human-induced vibrations in the vertical and lateral directions through a

periodic force using Fourier series. Nevertheless, the forces induced by each ped-

estrian are different in each successive step, and the real loading will depend on

different parameters, such as: the physical and anthropometric properties of each

pedestrian (weight, height, age, gender), parameters describing the pedestrian

walking (speed, and step frequency), the acceleration registered in the bridge at

the location where the pedestrian steps (pedestrian-bridge interaction), the pedes-

trian density, and the route followed by pedestrians as a consequence of the

pedestrian-pedestrian interactions within the flow. These have been considered

herein through the stochastic load model proposed by Ramos-Moreno et al.

(2019). By bounding the vertical and lateral accelerations within the comfort

limits (Charles et al. 2006; BSI 2003; ISO 2005), vibrational serviceability prob-

lems are avoided. After performing dynamic analyses under pedestrian loads,

when excessive accelerations and displacements are obtained, supplemental damp-

ing devices may be considered as a solution to control the dynamic response. In

recent years, experimental studies based upon field analysis, as well as numerical

studies employing finite element methods, have provided useful information about

how designers can reduce human-induced vibration in footbridges using damping

devices such as tuned mass dampers (TMD), tuned liquid dampers (TLD) and

also visco-elastic dampers (Charles et al. 2006). These supplemental devices are

being more frequently incorporated into footbridges after construction has fin-

ished, as a way to reduce unexpected human-induced vibrations - such as the

three-span steel box girder footbridge over the River Wharfe at Wetherby in

Yorkshire, England (Jones and Pretlove 1981), and the Pedro e Inés footbridge in

Coimbra, Portugal (Caetano et al. 2010).

Many of the studies related to the control of human-induced vibrations in footbridges

have been done using supplemental damping devices in existing structures. These stud-

ies have been conducted by the analysis of forces induced by a certain number of walk-

ing, running or jogging pedestrians (Caetano et al. 2010; Caetano and Cunha 2014). In

some cases, when the damping system is introduced during service, the available space

to deploy the damping devices is limited leading to the design of special dampers

(Meinhardt 2008). Tuned mass dampers have often been selected over alternative

damping devices due to their low cost, and high reliability and efficiency in the
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mitigation of vibration under pedestrian loads. Over the last few years, research has

been developed to optimize the placement and properties of multiple tuned mass

dampers through deterministic approaches in order to reduce human-induced vibration

in pedestrian bridges (Krenk et al. 2005; Daniel et al. 2011). However, a rigorous meth-

odology that focusses on the optimal location and the properties of the tuned mass

dampers in footbridges, considering the non-linearities induced by the pedestrian loads

in the vertical and lateral directions (Ramos-Moreno et al. 2019), is not yet available.

Therefore, the novelties of this research work are: (1) the development of a comprehen-

sive study focused on beam footbridges (considering different materials, cross sections,

and a wide range of span lengths) using a very sophisticated load and numerical model

that, through stochastic analyses considering the intra- and inter-variability of the ped-

estrian action, the interaction between pedestrians within the crowd flow, the

pedestrian-structure interaction, as well as the non-linearities of the pedestrian actions

both in vertical and lateral direction; (2) the set of original conclusions and design rec-

ommendations obtained from this work. The purpose of the present study is to fill this

gap in the literature and to define how and where to position these devices during the

design stage in order to reduce the dynamic response in service, comply with service-

ability design criteria, and further demonstrate the benefits of TMDs.

To investigate the efficiency of TMDs, the dynamic response is evaluated through

numerical analyses, with and without these devices. Building upon previous re-

search, this work aims to facilitate the design of a range of footbridges through a

stochastic model of pedestrian traffic and an efficient damper arrangement. The

structure of the paper is as follows. Firstly, the problem formulation is presented

in which the girder footbridge characteristics, pedestrian load representation, ser-

viceability criteria, and damping devices are described. Secondly, the design meth-

odology outlining how TMDs should be implemented is described. The parametric

analyses conducted and presented herein consider the criteria for selecting the

properties of the TMDs, span lengths, cross sections types, structural materials,

and the types of pedestrian flows as variables. The procedure identifying the loca-

tions where the TMDs should be deployed is illustrated, and the effects of imple-

menting different numbers of dampers and their effectiveness are analysed. In

addition, a cost comparison between either changing structural parameters (without

implementing supplemental damping devices) or employing TMDs as a strategy to

mitigate the human-induced vibrations down to admissible levels is provided.

Finally, design recommendations are provided.

2 Problem formulation
2.1 Footbridge characteristics

A set of single-span girder footbridges (Table 1), using a comprehensive set of struc-

tural materials (reinforced concrete, pre-stressed concrete, steel, steel and concrete

composite sections, timber, aluminium and glass-fibre reinforced polymers-GFRP), is

analysed herein. Table 1 includes the most conventional span lengths. Nevertheless,

some of the analyses of this paper cover a wider range of spans for purpose of provid-

ing more comprehensive description of the response. We investigate the dynamic re-

sponse of each footbridge under pedestrian loading, with and without implementing
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TMDs. The deck widths vary between 2 to 5 m. The material properties of the girder

footbridges were selected according to the standards shown in Table 2. These foot-

bridges, without supplemental damping devices, were studied by Ramos-Moreno et al.

(2019), and it was shown that the serviceability limit state (SLS) of vibration is not sat-

isfied for certain spans for each section type, as the structural frequencies match the

pedestrian frequency. It was also reported that the SLS of vibration cannot be satisfied

for sections types 9 and 10 by changing the geometry and sectional dimensions. The

objective of this work is to show whether the implementation of TMDs could lead to

the verification of the vibration criteria for all these cases.

Table 1 Girder footbridges considered in the parametric study

Table 2 Structural materials characteristics of girder footbridges

Structural Material Standard Young Modulus (GPa) Specific weight
(kN/m3)

Reinforced concrete EC2 (BSI 2011) 31.0 25.0

Prestressed concrete EC2 (BSI 2010a) 37.0 25.0

Steel EC3 (BSI 2009a) 210.0 78.5

Timber EC5 (BSI 2009a; BSI 2010c) 12.0 7.0

Aluminium (Alloy EN AW 6082) EC9 (BSI 2010b) 70.0 27.0

GFRP Eurocomp Handbook
(Clarke 1996)

17.2 25.6
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2.2 Pedestrian load representation

The evaluation of the dynamic response of the girder footbridges is performed consid-

ering the stochastic model proposed by Ramos-Moreno et al. (2014, 2017, 2019, 2020)

which includes the simulation of pedestrians walking over the deck and considers the

different anthropometric characteristics of each pedestrian, the vertical and lateral

forces that each step transmits to the structure, the intra- and inter-subject variability,

and the pedestrian-pedestrian interactions within the pedestrian flow. Figure 1 summa-

rises the pedestrian model that was adopted in this study. This approach is based on

modelling the vertical loads using the model by Butz et al. (2007) and the lateral loads

using the inverted pendulum model proposed by Bocian et al. (2012), and Carroll et al.

(2013). The social force model proposed by Helbing and Molnar (1995) is considered

to simulate the pedestrian flow and crowd interaction. Several experimental tests have

been recorded to develop and validate the different pedestrian loads models used

herein, such as Charles et al. (2006), Carroll et al. (2013), Townsend (1985), Pizzimenti

and Ricciardelli (2005), Živanović et al. (2007), and Ingólfsson et al. (2011). The pedes-

trian model of Ramos-Moreno et al. (2019) is capable of describing in a realistic way

the loads transmitted by each pedestrian.

2.2.1 Pedestrian inter-variability

Each pedestrian is sampled from data representing the UK population. The velocity (vp)

of each pedestrian is derived from three different factors (Eq. 1): the free velocity (vf),

based on the anthropometric characteristics (i.e., the age (ap) and the height (hpd), Eq.

2), a factor (ϕj) related to the aim of the journey (1.11 for commuting activities and

0.86 for leisure activities), and a factor (ϕd) to consider the influence of the pedestrian

density (d in units of pedestrians per metre square) (Eq. 3). Groups of pedestrians are

considered by assigning similar desired speeds to the pedestrians in the group (gov-

erned by the slowest in the group) and forcing them to remain within a particular dis-

tance of each other.

vp ¼ v f ϕ jϕd ð1Þ

v f ¼ 0:22þ 1:28�10 − 2ap − 1:71�10 − 4a2p þ 0:55hpd ð2Þ

ϕd ¼ 1 − exp − 1:913
1
d
−

1
5:4

� �� �
ð3Þ

f p ¼ 0:11þ 2:11vp − 0:47v2p ð4Þ

wst ¼ 26:86 − 37:74vp þ 13:37v2p þ 4:92hpd ð5Þ

Fig. 1 Pedestrian model of Ramos-Moreno et al. (2019)
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The pedestrian frequency (Eq. 4) is related to the pedestrian velocity, while the free

step width (wst) (Eq. 5) is also related to the pedestrian height.

2.2.2 Vertical loads

The simulation of vertical loads is based upon the observed temporal distribution of

foot loads from empirical studies. Butz et al. (2007) defines the vertical force transmit-

ted through each foot onto the ground through nine key properties defined in Fig. 2,

leading to a ninth-degree polynomial (Eq. 6). The coefficients, pi, of the polynomial can

be derived, for any step frequency in Table 3, by solving a system of ten equations (five

known points and their derivatives) with ten unknowns. This function describes a

double-heap curve for the frequency interval in Table 3, where tend is the total foot-

ground contact time, mA (Eq. 7) is the gradient at the beginning of the step, Fmax,1/G is

the maximum value of the normalized force for the step, Fmin/G is the value at the

transition from heel strike to forefoot loading, Fmax,2/G is the value of the normalized

force when the pedestrian’s foot pushes off the ground, and mB (Eq. 8) is the gradient

of the force when the foot is pushing off the ground. The parameters for intermediate

frequency values can be obtained through linear interpolation.

F tð Þ
G

¼
X9
i¼1

pit
i ð6Þ

mA ¼ Fmin=G − 0:1
t2 − t1

ð7Þ

mB ¼ 0:1 − Fmin=G
t4 − t3

ð8Þ

As the vertical forces depend on the pedestrian frequency (Table 3) and this in turn

on the pedestrian speed (Eq. 1), which is in turn related to the pedestrian density (Eq. 2

and 4), the traffic action, and therefore the structural response, varies non-linearly with

the pedestrian density.

Fig. 2 Parameters required to define the vertical load (F) introduced during the duration of each step, while
the foot is in contact with the ground normalized by the pedestrian weight (G) (Butz et al. 2007)
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2.2.3 Lateral loads

While the lateral ground reaction forces imparted by pedestrians are relatively small

compared to the corresponding vertical loads, pedestrians may synchronize their step

frequency with the lateral frequency of the bridge, when the lateral accelerations are

above certain thresholds, inducing resonant effects. In order to consider the variability

of lateral pedestrian-induced loads, which are related to the pedestrian stability while

walking, researchers have considered lateral load models described by an inverted pen-

dulum (IP). This model represents a pedestrian’s movement in time as a function of

the position of the pedestrian centre of mass (CoM) (Ramos-Moreno et al. 2019; Bocian

et al. 2012; Ingólfsson et al. 2011) (Fig. 3).

This IP model shows that the CoM movement has a relationship between the gait,

the step width, the anthropometric characteristics of the person and the lateral acceler-

ation of the structure in the vicinity of the pedestrian (Macdonald, 2009). Equations (9,

10 and 11) are used to define the resulting lateral force (Fl) introduced by the pedes-

trian on the structure in that particular step.

where: Leq represents the distance from the centre of pressure to the CoM, mp is the

mass of the pedestrian, g is gravitational acceleration, us is the lateral displacement of

the structure (therefore €us is the lateral acceleration of the structure in global axes), ws is

half of the step width in local axis, y is the position of the CoM in local axis of the deck

(therefore €y is the acceleration of the CoM in the local axis), gL and gN are the parallel

and normal components of the gravitational acceleration. Ωp is defined as the natural

frequency of the lateral movements of the CoM and is given by Ωp ¼
ffiffiffiffiffi
g
Leq

q
.

gN ¼ g
Leq

ωs − yð Þ ð9Þ

Table 3 Parameters shown in Fig. 2 to define the vertical loads for different step frequencies

Fig. 3 Inverted pendulum (IP) model (adapted from Ramos-Moreno et al. (2019))
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€us þ €y ¼ − gN ¼ −
g
Leq

ωs − yð Þ ð10Þ

Fl ¼ −mp €us þ €yð Þ ¼ mpΩ2
p ωs − yð Þ ð11Þ

As the lateral forces introduced by each pedestrian depend on the acceleration of the

deck at the location where the pedestrian steps, and these are induced in turn by the

lateral forces applied, the traffic action and therefore the response is non-linearly re-

lated to the pedestrian density.

2.2.4 Crowd modelling

A social force model for humans was used to consider the human interactions while

the pedestrians are crossing the bridge. This model has been applied in transportation,

and evacuation studies and also in footbridges (e.g., Carroll et al. 2013; Helbing and

Molnar 1995; Jimenez-Alonso et al. 2016). In this social force model, the resultant force

(FT) (Eq. 12), which is needed to describe the pedestrian trajectory at each location, is

the sum of the driving force (FD), and the forces induced by the interaction with other

pedestrians (FP), and by the physical interaction with geometrical boundaries (FB).

FT ¼ FD þ FP þ FB ð12Þ

The driving force or motive force is the motivation that the person has to reach the

destination (Eq. 13). This is computed from the pedestrian mass (mp), the desired vel-

ocity (vd), the actual velocity (vp) and the relaxation time (tr = 0.50s).

FD ¼ mp
vd − vp

tr

� �
ð13Þ

The interaction among pedestrians is based on the sum of social and physiological

forces. The social forces correspond to the pedestrians’ willingness to maintain some

distance from other pedestrians while crossing the bridge. The physiological forces

avoid physical damage from any possible physical contact with other pedestrians, and

prevent pedestrians overlapping when the distance between individuals is minimal (as

forces relate to pedestrian centroids). The interaction forces induced by boundaries en-

sures that the pedestrians will keep a certain distance from any obstacle or geometrical

constraint such as remaining within the footpath. These three force components in Eq.

(12) are clearly defined by Jimenez-Alonso et al. (2016).

2.2.5 Pedestrian intra-variability

Each pedestrian crosses the footbridge, starting at an arrival time (following to a Pois-

son process) and at a lateral position across the deck width (according to a uniform dis-

tribution). With these considerations, an initial lateral position and velocity is defined

for each pedestrian. A uniform distribution over [0.0, 0.75], where 0.75 m represents

the maximum considered value of step length, is used to represent the initial step pos-

ition along the deck.

The subject variability (intra-variability) in the step frequency is represented through

Markov-Chain Monte Carlo (MCMC) simulation that ensures that individuals vary

their step frequency according to some overall distribution, with successive frequencies
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being auto-correlated depending on the value of its magnitude in previous steps (Ra-

mos-Moreno et al. 2019).

The intra-variability in the step width is represented by the lateral movement of the

CoM of each pedestrian described by integrating Eqs. (9), (10), and (11) for every step.

For consecutive steps, if the velocity is not affected by external constraints (structural

elements or other people defined in the crowd model), then the step frequency for the

next step will be computed applying the MCMC methodology. Otherwise, if the pedes-

trian’s velocity is affected by other pedestrians or constraints, through the crowd model,

the new pedestrian speed will be calculated, and the new pedestrian frequency will be

determined through Eq. (4).

2.3 Serviceability criteria

The comfort criteria for the pedestrians crossing the structure is verified by comparing

the structural vertical and lateral accelerations to the limits proposed by BSI (2003,

2008), ISO (2005), and the SETRA guidelines (Charles et al. 2006) (Fig. 4). If the dy-

namic response exceeds these limits, TMDs will be implemented to attenuate the struc-

tural accelerations under the limits, and therefore satisfying the serviceability limit state

of vibrations.

2.4 Structural damping

Several studies have suggested appropriate values of the damping ratio, ξ, for foot-

bridges under pedestrian loads. Tilly et al. (1984) showed that it is common to find

footbridges having equivalent viscous damping ratios lower than 1% of critical damping

based on tests conducted for several footbridges under pedestrian loading. The work of

Bachmann and Weber (1995) showed minimum, maximum and mean damping ratios

according to the structural materials of the footbridge. These damping ratios are nor-

mal for traffic loads under service conditions, but significantly smaller than those acti-

vated under other dynamic actions inducing larger demands in the structure, closer to

ultimate limit state. Some researchers and guidelines suggested not to overestimate the

structural damping. This is to ensure a conservative analysis of the dynamic analysis re-

sponse to avoid underestimating the potential dynamic response. The minimum recom-

mended values for the damping factors have been considered for the girder footbridges

in this study. This has been strongly recommended by (Heinemeyer and Feldmann

Fig. 4 a Vertical and b lateral critical accelerations as a function of natural frequency
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2008; Van Nimmen et al. 2014). Therefore, the following values have been chosen

(Table 4):

2.5 Damping devices

A variety of supplemental damping devices have been used in built footbridges to miti-

gate vertical and lateral vibrations (Caetano et al. 2010; Caetano and Cunha 2014;

Meinhardt 2008). Among them, TMDs are the most frequent type, being reliable, effi-

cient and having a relatively low cost (Schlaich et al. 2005; Low 2008). Out of a dataset

compiled by the authors, made of 54 built footbridges with supplemental damping de-

vices implemented to reduced human-induced vibrations, TMDs were the most com-

mon type (used in 76% of the cases), followed by viscous dampers (13%) and TMD

viscous dampers (4%). Single examples (2% of the cases) using other devices (such as

semi-active TMD MR dampers, telescoping hydraulic dampers, frictional dampers, and

tuned liquid dampers) were identified.

Many of the damping devices have been implemented after construction, when geo-

metrical, structural, and aesthetic constraints significantly reduce the number of poten-

tial solutions that could have been considered during the design stage. However,

damping devices also can be considered within the design stages, facilitating the design

of slenderer, yet comfortable, footbridges. Nevertheless, the use of these devices at the

design stage is still rare, and additional guidance, code prescriptions, and methodolo-

gies are required. Eurocode 1993–2 Part 2 (BSI 2009b) mentions that dampers can be

employed to mitigate human-induced vibrations, but it does not provide any design

procedure or requirement.

Multiple researchers have proposed different procedures to determine the optimum

parameters of TMDs (Table 5) for different scenarios: Soong and Dargush (1997) mini-

mized displacements in un-damped structures under harmonic excitations; Warburton

(1982) and Krenk et al. (2005) minimized accelerations in un-damped structures, with

the former considering white noise; and Nishihara and Asami (2002) minimized the ac-

celerations in structures with low damping ratios.

Table 4 Damping ratio (ξ) values for further parametric studies

Structural material Damping
value (ξ)

References

Reinforced concrete 0.8% (Charles et al. 2006; ISO 2005; Bachmann and Weber 1995;
Heinemeyer and Feldmann 2008; Blanchard et al. 1977;
Feldmann et al. 2008; Wei et al. 2019)

Prestressed concrete 0.5% (Charles et al. 2006; Bachmann and Weber 1995; Heinemeyer
and Feldmann 2008; Wei et al. 2019)

Composite (steel and concrete) 0.5% (Charles et al. 2006; BSI 2003; Bachmann and Weber 1995;
Heinemeyer and Feldmann 2008; Wei et al. 2019)

Steel 0.5% (BSI 2003; ISO 2005; Heinemeyer and Feldmann 2008;
Blanchard et al. 1977; Wei et al. 2019)

Timber 1.0% (Heinemeyer and Feldmann 2008; Feldmann et al. 2008)

Aluminium 0.4% (Mevada and Patel 2015; Umashankar et al. 2009)

GFRP 0.7% (Živanović et al. 2014)

Garcia-Troncoso et al. Advances in Bridge Engineering            (2020) 1:14 Page 10 of 26



3 Design methodology
In order to determine the optimal criteria to define the TMDs parameters and loca-

tions, a comprehensive parametric study was conducted, considering different locations

and mass ratios μ (with typical values in footbridges varying from 0.01 to 0.05 - see

Tubino and Piccardo (2015)). An important design objective is minimizing the mass of

the TMD, and therefore its size and cost, finding the minimum mass ratio that is re-

quired to fulfil the serviceability criteria. It is well known that the position of the TMD

has an impact on its efficiency (Nishihara and Asami 2002). The TMD efficiency β can

be measured as the percentage of the peak acceleration (prior to the implementation of

this device) that would be cancelled after its installation. The design constraints set

limits on the relative displacement between the TMD and the deck, as well as the deck

vertical and lateral accelerations. The numerical procedure adopted in each of the stud-

ies performed is as follows:

1. The mass, stiffness and damping matrices of the pedestrian bridges are assembled.

2. The structural modal frequencies and mode shapes are determined for the solution

without TMDs. At this stage, potential critical modes of the footbridge under

pedestrian loading can be initially identified as those with vertical frequencies in

the range of the pedestrian vertical frequencies (see Table 3), and those with lateral

and torsional frequencies in the range of the pedestrian lateral frequencies (half of

the vertical pedestrian frequency) (Garcia-Troncoso et al. 2017). These modes are

likely to have large contributions (point 5 below).

3. The structure is loaded considering the probabilistic pedestrian load model defined

in Section 2.2. Different loading scenarios are considered, varying the traffic

conditions (such as modelling the pedestrian behaviour at peak hours, called

commuting, and also during the weekends and more relaxed situations, called

leisure), for different pedestrian densities (0.2, 0.6, and 1.0 pedestrians/m2).

4. The vertical and lateral dynamic response induced by each pedestrian flow is

calculated (Clough and Penzien 1993). Multiple simulations are run, with the

number of simulations (10) determined through a sensitivity analysis.

5. If the maximum structural accelerations obtained exceed the comfort limits, and

therefore do not satisfy the serviceability criteria, TMDs are deployed. The

frequency of the TMD is tuned to damp the accelerations induced by that critical

mode. The efficiency β of this device depends on the ratio between the TMD and

Table 5 Optimal characteristics of the TMDs according to different authors, where μ is the mass
ratio between the mass of the TMD (m) and the structure (M), α is the frequency ratio between
the TMD (ω) and the structure (ωs): and c and ξ are respectively the damping, and damping ratio
of the TMD

Author Frequency ratio α =ω/ωs Damping ratio ξ = c /(2mω)

Soong and Dargush (1997) αopt ¼ 1
1þμ ξopt ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
3
8

μ
ð1þμÞ3

q
Warburton (1982) αopt ¼

ffiffiffiffiffiffi
1þμ

2

p
1þμ ξopt ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μð1þ3μ

4 Þ
4ð1þμÞð1þμ

2Þ

r

Krenk et al. (2005) αopt ¼ 1
1þμ ξopt ¼

ffiffiffiffiffiffiffiffiffiffiffi
1
2

μ
ð1þμÞ

q
Nishihara and Asami (2002) αopt ¼

ffiffiffiffiffiffi
1

1þμ

q
ξopt ¼

ffiffiffiffiffiffiffiffiffiffiffi
3μ

8ð1þμÞ
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 27μ
32

q
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the structural modal masses (μ), the ratio between the TMD and the structural

frequencies (α), the TMD damping ratio (ξ), and its location. The mass ratio is

initially set to 0.01, being incremented, if necessary, when further analyses are

required after point 7. The optimal values αopt and ξopt given by Warburton (1982),

Soong & Dargush (1997), Nishihara and Asami (2002), and Krenk et al. (2005) (see

Table 5) have been used in order to select the most efficient TMD to improve the

pedestrian comfort.

6. The mass, stiffness and damping matrices are updated including the TMD’s

properties.

7. The new dynamic response, considering the damping devices, is obtained. Then,

the serviceability criteria are checked. If the serviceability criteria are not fulfilled,

step 5 is repeated, incrementing the damper mass ratio in an iterative way until the

serviceability criteria is finally satisfied.

4 Numerical model and sensitivity analyses
A finite element model (developed in Python (VanRossum and Drake 2010), and veri-

fied against ABAQUS (2014)) has been developed to evaluate the vertical and lateral

dynamic response of a comprehensive set of girder footbridges (Table 1), under several

pedestrian flows, with different densities (0.2, 0.6, 1.0 ped/m2) and aims of the pedes-

trian journeys (business, commuting or leisure activities), with individual pedestrians

being sampled as representatives of the UK population. The simply-supported girder

footbridges are represented by using 1-dimensional beam elements located at the sec-

tional centroid. Their length was determined through a sensitivity analysis, covering the

range from L/2 to L/40, for a given span length (L). Results effectively converged to a

solution from L/15 with smaller element lengths not influencing the results. The ac-

tions were applied on the deck surface and transferred to the beam element.

In order to define the duration of the numerical simulations, further sensitivity ana-

lyses were conducted. At the beginning of each simulation, the first pedestrians enter

the footbridge, arriving with the desired pedestrian density. After a while, a steady state

response is achieved, and the structure corresponds to a stationary ergodic process.

This is when the statistical analysis of multiple different or longer single simulations

leads to similar results. Simulations of different durations were analysed, ranging from

two to nine times the time expected for an average pedestrian to cross the bridge (tap)

with the duration measured from the instant when the desired pedestrian density had

been already achieved on the structure.

The response converged for a duration of 3tap, and therefore this value was adopted

to evaluate the dynamic response in all of these parametric studies.

The impact of assuming that pedestrians can arrive in one or two directions, and the

effects of the crowd interaction model were also analysed (Fig. 5). Case 1 does not con-

sider the interaction between pedestrians (i.e. two pedestrians could be at the same lo-

cation at the same time, or very close to each other, in positions which are not

physically possible) while cases 2 to 5 consider the crowd interaction. Figure 6 shows

the root mean square (RMS) vertical accelerations for a 1 s interval (Camara and Ruiz-

Teran 2015) for 10 simulations in the five different cases that were considered in Fig. 5.

RMS accelerations are calculated in function of the time acceleration (t), and t1 and t2
which is the time interval (Eq. 14).

Garcia-Troncoso et al. Advances in Bridge Engineering            (2020) 1:14 Page 12 of 26



RMS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR t2
t1
a2 tð Þdt
t2 − t1

s
ð14Þ

Larger responses are achieved when the pedestrians enter the footbridge with a uni-

form distribution across the width (cases 1, 4 and 5). The impact of the direction

followed by the crowd and therefore the difference between unidirectional (Case 4) and

bidirectional traffic (Case 5) is negligible. For the rest of the analyses in this work, pe-

destrians arrive in both directions and the crowd model is implemented (Case 5).

Fig. 5 Plan views of the decks at certain instants, with the centre of masses of the different pedestrians
represented in blue and red circles for those pedestrians entering the structure from the left and the right
abutments, respectively. The percentages of pedestrians entering the footbridge from each side, and across
the width, have been also represented

Fig. 6 RMS vertical accelerations for a 1 s interval at midspan in a simply supported prestressed concrete
footbridge (L = 22.5 m, section type 1) under a pedestrian density of 0.6 ped/m2 for commuting activities.
The average of the 10 simulations is highlighted with a diamond marker
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5 Dynamic response in the vertical direction
5.1 Single tuned-mass damper

As expected, the greatest TMD efficiency is achieved when the TMD is positioned at

the location of the maximum nodal coordinates for the modal shape that dominates

the response. At that location, the efficiency of the TMD increases and therefore a

smaller mass ratio is required to fulfil the serviceability criteria. For the girders consid-

ered, the maximum reduction of the dynamic response is achieved when the tuned

mass damper is located at mid-span (Fig. 7). Nevertheless, very similar efficiencies are

achieved when the TMD is located in the central 30% of the span (β is equal to 74.50%,

79.40%, and 80.65%, when a TMD is located at 0.35 L, 0.40 L, and 0.50 L respectively

for the case considered in Fig. 7). This conclusion is important for design as it gives

flexibility to the designers when locating the TMDs. Nevertheless, by shifting the TMD

towards the support sections, there is no benefit in reducing the vibrations linked to a

second mode, or modes with a zero nodal coordinate at mid-span, as the TMD is not

tuned to that modal frequency. Asami’s TMD design criteria led to more efficient

TMDs, and therefore larger reductions in accelerations, in comparison to the other cri-

teria. Asami’s criteria gives larger efficiencies because it was set to minimise the accel-

erations in structures with low damping, such as in footbridges, where the comfort

criteria for these structures is governed by accelerations.

Figure 8 shows the maximum vertical accelerations at mid-span for prestressed (sec-

tion type 1) footbridges under pedestrian loading (leisure activities) with different span

lengths. It is noticeable that for certain span lengths (close to 25 m) the serviceability

criterion is not fulfilled when TMDs are not implemented, as the frequency of the

structure matches the average pedestrian frequency, and a resonant effect is induced.

In this case, a single TMD (μ = 0.04) was enough to mitigate the human-induced vibra-

tions. By implementing a TMD designed following Asami’s criteria, the accelerations

were significantly reduced (β = 80%), down to the levels. In addition, the TMD also re-

duces the internal forces by mitigating the dynamic response (see Fig. 9). At resonance,

when L = 25m, the dynamic component of the bending moments at mid-span is very

large, with a dynamic amplification factor (DAF) of 3.27. Nevertheless, the implementa-

tion of a TMD reduces the total, and the dynamic bending moments by 31 and 44%

Fig. 7 Simply-supported prestressed concrete (section type 1) footbridge with a 22.5 m span under
pedestrian densities of 0.6 ped/m2 for commuting activities: a peak vertical accelerations at mid-span when
a TMD (μ = 0.05) is located at different positions along the length of the bridge, b Fourier amplitude
spectrum of the peak vertical accelerations at mid-span when a TMD (μ = 0.05) located at 0.35 L and 0.5 L
and when no supplemental damping is implemented
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respectively, reducing the DAFs to 2.27. Similar values have been observed for a 12.5 m

span. In this case there is also a resonant effect, with every pedestrian step is resonant

with every other vibrational modal cycle.

5.2 Multiple tuned-mass dampers (MTMDs)

The same structural type and cross section considered in the previous subsection is

analysed herein under commuter traffic. The main critical span is now 22.5 m, rather

than 25 m, as a consequence of the increment of the pedestrian frequency (from leisure

to commuting) producing resonant effects for higher fundamental structural

Fig. 9 Maximum dynamic sagging bending moments along the length before and after a TMD (μ = 0.04)
was employed at mid-span in a prestressed concrete bridge of a 25 m span length considering a pedestrian
density of 0.6 ped/m2 for leisure activities. The static bending moment induced by the weight of the
pedestrians is also represented

Fig. 8 Maximum peak vertical accelerations for set of prestressed concrete bridges with spans ranging from
10 up to 45 m for leisure traffics considering different TMD design criteria under pedestrian densities of 0.6
ped/m2 (leisure activity)
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frequencies, i.e., for smaller span lengths (See Fig. 10). The modal shape in Fig. 10b is

denoted by V followed by a number which represents the vertical mode with N-half

waves.

One tuned mass damper with a larger mass ratio (μ = 0.05) located at mid-span is

now required to mitigate the human-induced vibrations under the comfort limits when

L = 22.5 m (Fig. 11a). The increment in the mass ratio is due to the increment of the

vertical forces (which are frequency related, see Table 3, as well as the small structural

mass, leading to larger accelerations as a consequence of Newton’s second law. Larger

increment of TMD’s mass ratios only leads an 8% reduction in accelerations.

As expected, the serviceability criteria can be fulfilled with a single TMD located at

mid-span for bridges up to 50m long (Fig. 11b). However, for larger spans of 80 and

100 m, two and four TMDs, respectively, are required at mid-span, leading to total

masses in the supplemental damping devices equal to 10% and 20% of the structural

mass. For larger spans, both the structural mass and the total mass increase, leading to

the requirement of significantly larger TMDs (see Table 6). For span lengths longer

than 100 (m), the Mode Vertical 2 (V2) become more relevant (Fig. 10b). Therefore, it

is required to check in the mode that has a larger contribution in a frequency domain

analysis in order to evaluate the optimum location of the TMDs.

In some cases, the geometrical constraints may lead to splitting the TMDs into two

during a more detailed stage of the design. When a single TMD is split into two (halv-

ing the mass m, the stiffness k and the damping c, and maintaining the TMD frequency

Fig. 10 a Distribution of pedestrian frequencies for leisure (red) and commuting (blue) for pedestrian
densities of 0.6 ped/m2 for the UK population b Structural fundamental frequency versus the span length
for a prestressed concrete (cross section type 1) footbridge where the blue lines represent the range of
vertical frequencies that can be excited by pedestrians

Fig. 11 Maximum vertical peak accelerations for prestressed concrete (section type 1) footbridges with and
without TMDs (each of them with μ = 0.05) with properties defined through Asami’s criteria (see Table 6), under
pedestrian densities of 0.6 ped/m2 (commuters) for spans ranging from 10m (a) up to 45m, (b) up to 100m
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and damping ratio) shifting them longitudinally at both sides of the mid-span, the effi-

ciency of the TMD system is barely affected, as long as they are both still located with

the central 30% of the span length (i.e., ±15% span from the mid-span). For instance,

when L = 22.5 m, the maximum peak accelerations at mid-span drop from 1.886 to

0.389 m/s2 introducing one TMD (μ = 0.05) at mid-span, and to 0.411 m/s2 when two

TMDs (μ = 0.025 each) are located at ±3 m from mid-span. This is consistent with the

results shown in Fig. 7a. Figure 11b shows that for spans longer than 50m, the acceler-

ations increase dramatically without supplemental damping devices. Therefore, the

number of TMDs that are required to satisfy the comfort limits also increase signifi-

cantly. Nevertheless, given the size (Table 6) and number of TMDs (Fig. 11b), it is pos-

sible to locate all the TMDs required within that central section (i.e., ±15% span from

the mid-span) guaranteeing a large efficiency of the TMD system (β = 80%) and the

verification of the serviceability criterion.

5.3 Cost analysis

Ramos-Moreno et al. (2019) demonstrated that increasing the slab thickness (i.e., add-

ing mass) was the most efficient way of controlling accelerations with the structural pa-

rameters (i.e., without implementing supplemental damping devices) in these types of

footbridges. By adding mass, the accelerations are reduced, although this effect could

be counteracted by the frequency shift if the structural frequencies get closer to the

load frequencies. However, adding mass also increases the structural demands due to

self-weight and seismic response, leading to increasing the capacity of several structural

members. A comparative cost study between these two design alternatives (implement-

ing TMDs or increasing the slab thickness) is included herein. The unit costs consid-

ered are shown in (Table 7) are those from (Bourne 2013) updated by 7.3% to reflect

Table 6 Tuned mass damper properties (all with μ = 0.05) required to mitigate the human-
induced vibrations in the footbridges considered in Fig. 11b

TMD according Fig. 11 Number of
dampers

Total TMD
Mass (kg)

Length (mm) Width (mm) Height (mm)

(1) 1 250 600 560 275

(2) 1 1500 1000 930 325

(3) 1 5000 2560 1410 325

(4) 2 4000 2000 1410 325

(5) 4 6000 2780 1530 325

Table 7 Material unit costs used in this analysis

Element Unit costs (Bourne 2013) (2013) in GBP Cost rate (2019) in GBP

Concrete (m3) 120 129

Reinforcement (t) 1100 1180

Prestressing steel (t) 3000 3219

Vertical formwork (m2) 50 54

Horizontal formwork (m2) 125 134

TMD (unit) 3327
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the cumulative effects of inflation since the publication of these costs. The TMD con-

sidered has a mass of 250 kg, a tuning range from 1.4 to 2.8 Hz, a damping ratio from

10 to 15%, and a maximum displacement range of ±40 mm, whose unit cost has been

provided by a worldwide supplier. Other costs are not considered herein, as the aim is

comparing the relative deck material cost for both design alternatives.

The TMD would probably need to be replaced during the footbridge service life.

Technical brochures of TMDs highlight that their lifetime is around 20 years (leading

to 4 replacements in 100 years). However, this seems very conservative based on recent

publications. Weber and Feltrin (2010) and Meinhdart et al. (2017), stated that after 16

years of setup, TMDs still showed a satisfactory performance. The TMDs installed in a

footbridge at Frottmanin Subway Station, in Munich, were still working properly 21

years after, and have only required very little maintenance (cleaning and refilling the oil

of the damper pot) (Benicke 2017). Therefore, Maurer now recommends one replace-

ment in 100 years, including two maintenance sessions (Benicke 2017). This uncertainty

in the number of TMD replacements has been considered in this study, through differ-

ent TMD life lengths (20, 25, 33.3, 50 and 100 years). The same unit cost has been con-

sidered for those replacements of TMDs in future years, assuming that the investment

(discount) and inflation rates would be similar, as the proper consideration of these

additional uncertainties are beyond the scope of this analysis.

The cost analysis (see Fig. 12) has been performed for a prestressed concrete (section

type 1) footbridge with an 11.25 m span length, for different deck depths, considering

the design scenario of pedestrian densities of 0.6 ped/m2 (commuters). A deck depth of

L/24 is required to fulfil the serviceability criterion (peak acceleration ≤ 0.7 m/s2) with-

out TMDs, leading to a material cost for the deck of 14,091 GBP. From L/25 to L/35

the solutions with supplemental damping would require the installation of a single

TMD at mid-span. Two TMDs would be required for the range from L/39 to L/43, and

four TMDs for L/49. When TMDs are being used, regardless of the TMD expected life,

the smallest material cost is achieved for deck depths of L/35. If the TMD expected life

Fig. 12 Cost analysis for different slab thickness (m) when one or multiple TMDs are employed in the
design of a prestressed concrete footbridge with a 11.25 m span length, for different TMD expected lives of
20, 25, 33.3, 50 and 100 years, with pedestrian densities of 0.6 ped/m2 (commuters)

Garcia-Troncoso et al. Advances in Bridge Engineering            (2020) 1:14 Page 18 of 26



can be assumed equal to 100 years, as recommended by (Benicke 2017), then the design

with TMDs and deck depth of L/35 would lead to the most economical solution (12%

cheaper than that for L/24 without TMDs), and very small increments would occur for

deck depths down to L/43. For shorter expected lives of the TMDs of 50, 33.3, 25 and

20 years, the solutions with TMDs and deck depth of L/35 would be 2%, 16%, 35% and

45% more expensive (for the deck materials) than that for L/24 without TMDs. Never-

theless, there would be additional savings in other structural members such as bearings,

abutments and foundations. For deck depths thinner than L/43 the deck material cost

increases significantly.

5.4 Cross section types

A comprehensive parametric analysis was undertaken considering all the others section

types in Table 1 for different span lengths. Figure 13 shows the structural frequencies

for the different section types. It is noticeable that for certain span lengths and mate-

rials, the serviceability criterion is not fulfill when TMDs are not employed, showing

resonance effects (see peaks in Fig. 14). Therefore, one to four TMDs were located at

the maximum nodal displacement of the modal shapes, i.e., at mid-span, to analyse the

effect of the reduction of the dynamic response. Furthermore, for longer span lengths,

the Mode Vertical 2 (V2) become more relevant.

Table 8 shows the TMD properties (minimum mass of the TMD) that can be

employed for each of the resonant cases, activated at particular span lengths. For cross

section types 1 to 8, it is sufficient to employ one tuned-mass damper to satisfy the ser-

viceability criteria. In addition, when a larger number of TMDs is used, there is not a

significant reduction of the accelerations. However, for cross sections types 9 and 10,

one to four TMDs are not sufficient to control the human-induced vibrations. In these

ultra-light cross sections, the serviceability limit state is not fulfilled even when a large

number of TMDs are used.

Fig. 13 Structural vertical fundamental frequencies versus the span length for a range of footbridges
according Table 1 where the blue lines represent the range of vertical frequencies that can be excited
by pedestrians
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6 Dynamic response in the lateral direction
The lateral peak accelerations increase almost linearly with the span length (see Fig. 15).

For given deck widths, these footbridges will have lateral vibration problems above a cer-

tain span length. For deck widths equal to L/20, the limit accelerations are exceeded from

span lengths of 20m. Nevertheless, if the deck width is doubled up to L/10, the service-

ability criteria are fulfilled for span lengths from 20 to 100m. Supplemental damping de-

vices are required for cases in which the deck width is equal to L/20 to mitigate the lateral

human-induced vibrations (Fig. 16 and Table 9). The maximum lateral peak accelerations

when one lateral TMD is employed are similar to those when the deck width is doubled

and no supplemental damping is used (Fig. 16). Furthermore, if the span length is in-

creased beyond 100m, the comfort limits will not be satisfied, and lock-in effects will be-

come relevant.

7 Conclusions
A very comprehensive range of girder footbridges with different section types, materials,

and geometrical configurations (deck depths, widths, and span lengths) were considered

to understand their structural response under different pedestrian flows, as well as the

benefits in implementing tuned mass dampers (TMD). The conclusions of this research

work have been drawn through complex numerical analyses, implementing a realistic de-

scription of the pedestrian loading through a stochastic model including pedestrian intra-

and inter-subject variability, pedestrian-pedestrian interaction (crowd flow) and

pedestrian-structure interaction.

The main original conclusions of this study are as follows:

� The greatest efficiency of the TMDs is achieved when the TMD characteristics are

determined using Asami’s formulations, given the low damping in footbridges and

the fact that the comfort criterion is governed by accelerations.

� The larger efficiencies of the TMDs are achieved when they are located at the

maximum nodal coordinates of those modal shapes dominating the response.

Fig. 14 Maximum vertical accelerations for Section Types 2–10 (Table 1), when one, two, three or four
TMDs are implemented at the maximum nodal coordinate of the modal shape with a larger contribution in
the dynamic response, under pedestrian densities of 0.6 ped/m2 (commuters)
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Nevertheless, provided the TMD location remains with the central 30% of the span

length, the high values of the efficiencies, reducing the vertical peak accelerations

by up to 80%, are not affected. The implementation of TMDs also reduces the

dynamic component of the internal forces, to a lesser extent than for the

accelerations.

� For vertical accelerations, the serviceability criteria can be fulfilled with a single

TMD, with a 0.05 mass ratio, located at mid-span for bridges up to 60 m long.

However, for larger spans of 80 and 100 m, two and four TMDs, respectively, are

required at mid-span, leading to total masses in the supplemental damping devices

equal to 10% and 20% of the structural mass. Large TMDs can be split into two,

Fig. 15 Maximum lateral peak accelerations in prestressed (section type 1) footbridges under pedestrian
densities of 0.6 ped/m2 for commuting traffic

Fig. 16 Maximum lateral peak accelerations for prestressed (section type 1) footbridges under pedestrian
densities of 0.6 ped/m2 (commuters) for width/span ratios of 1/20
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provided both remain located in the central 30% of the span length, with variations

of the efficiency of 1%.

� For vertical accelerations, the most cost-effective solution is achieved for deck span

ratios of 1/35 when TMDs are used. If the TMD does not need to be replaced, or is

replaced only once, throughout the service life, the deck material cost would be

smaller, or similar, to the case without TMDs and a deck span ratio of 1/24.

� Vertical accelerations in ultra-light footbridges, with cross sections made of alumin-

ium or glass fibre reinforced polymers, and conventional deck span ratios (1/30 and 1/

40), do not satisfy the comfort criterion even after implementing multiple TMDs.

Therefore, the slenderness and the structural masses have to be governed by the dy-

namic response, losing the lightness achieved by implementing these materials. For

these structures, the Serviceability Limit State of Vibrations is critical for the design.

� For span lengths up to 100m, TMDs are not required to control lateral accelerations

when the width span ratios are larger than 1/10. However, TMDs are required for span

lengths larger than 20m when the width span ratios are equal or smaller than 1/20.

Abbreviations
TMD: Tuned mass dampers; GFRP: Glass-fibre reinforced polymers; IP: Inverted Pendulum; CoM: Centre of mass;
MCMC: Markov-Chain Monte Carlo; RMS: Root mean square
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