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Abstract 

This paper presents a numerical model using the boundary element method for deter-
mining the hydrodynamic added mass and added damping of an elastic bridge pier 
with arbitrary cross-section. Combining the Euler–Bernoulli beam theory with the con-
stant boundary element method, the modal superposition method is used to consider 
the deformable boundary conditions on the surface of elastic piers to couple the inter-
action between the elastic pier and water, and the equations for the hydrodynamic 
added mass and added damping of a general section pier considering the effect 
of pier-water coupling are derived. The accuracy of the developed model is verified 
by a benchmark experiment. The developed model is calculated for circular piers 
and compared with the added mass analytical formulation. The effects of oscillating 
frequency and structure geometry on the added mass and added damping are further 
investigated. Results demonstrate that the developed model can be used to solve 
the hydrodynamic added mass and added damping problems of the elastic bridge 
pier. Compared to the analytical formula, the developed method incorporates the con-
sideration of added damping in the analysis of the pier-water coupling problem. 
Oscillating frequency and structure geometry have significant effects on added mass 
and added damping.

Keywords: Sea-crossing bridge, Elastic piers, Hydrodynamic, Added mass, Added 
damping, Boundary element method

1 Introduction
The construction of sea-crossing bridges has experienced rapid advancement to enhance 
the transportation among islands and regions in the global coastal community, such as 
the Hong Kong-Zhuhai-Macau Bridge (Li and Chen 2011), Hangzhou Bay Cross-Sea 
Bridge (Lu 2006), Qingdao Bay Bridge (Dong and Jin 2009), etc. The piers of sea-crossing 
bridges are immersed in water and subjected to harsh wave effects (Liu 2019; Ti et al. 
2020c; Wei et  al. 2020; Yang et  al. 2021). Previous studies confirm that the energy of 
waves is primarily concentrated in the low-frequency range between 0 and 0.5  Hz 
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(Murray and Rastegar 2009; Guo et al. 2016). Long-span bridges built in coastal areas 
have minor fundamental frequencies and are easily coupled with waves to produce unfa-
vorable dynamic effects, and thus it is important to examine the coupling issue between 
water and elastic piers (Ti et al. 2020b; Chen et al. 2021; Zhao et al. 2022). When a struc-
ture is submerged or partially submerged in water, the relative motion between them 
generates additional hydrodynamic forces on the structure. It may obviously alter the 
fundamental characteristics of the structure and the resultant dynamic responses. 
Therefore, it is necessary to accurately estimate such a coupling process associated with 
the added hydrodynamic forces.

The additional hydrodynamic force is often considered as the combination of added 
mass and damping to reduce the complexity and simplify the calculation (Yeung 1981; 
Rahman and Bhatta 1993; Kristiansen and Egeland 2003). The added mass represents 
the effective mass of water that participates in the structural vibration through the fluid–
structure coupling. The initial proposal of this concept can be attributed to Westergaard 
(1933), who examined the hydrodynamic pressure analysis of rigid dams subjected to 
harmonic ground motion. Several scholars have employed analytical methods to inves-
tigate the coupling between fluid and structure. For example, Liaw and Chopra (1974) 
introduced an analytical formulation grounded in radiation theory to derive an equa-
tion representing the added mass for circular columns immersed in water. Under the 
presumption of uniform distribution of added mass over the water depth, Han (1996) 
formulated an added mass equation for elastic structures by utilizing the first-order 
frequency reduction rate. Due to the complexity of solving the added mass analytical 
equation, Li and Yang (2013) and Jiang et al. (2017) proposed a simplified equation by 
fitting the data to the added mass analytical equation for the cylinder. Besides the cir-
cular cross-section, Yang and Li (2012) and Wang et al. (Wang et al. 2018a; b) proposed 
simplified formulae for the added mass of square, rectangular, elliptical, and circular end 
forms before and after. All of the aforementioned research disregarded the impact of free 
surface waves and did not take added damping into account. Some scholars have specifi-
cally studied the effect of free surface waves on hydrodynamic pressure. Huang and Li 
(2011) noted that the influence of the free surface wave on the hydrodynamic pressure is 
significant primarily at low frequencies of the applied load excitation. By using boundary 
conditions with or without taking into account the free surface wave, Xing et al. (1997) 
examined the horizontal motion of an elastic cylinder parallel to the water’s surface and 
concluded that the free surface wave has a significant impact on the vibration character-
istics of the structure with low frequency coupling effects. The presence of surface waves 
on the liquid surface impedes the motion of the structure and generates an additional 
damping force (Romate 1992; Kim et al. 1997; Perić and Abdel-Maksoud 2016). There-
fore, it is important to consider the influence of added damping when studying the cou-
pling effects between water and elastic structures.

The aforementioned solutions for added mass and added damping primarily rely on 
analytical methods, which are straightforward to apply but only limited to columns 
with uniform cross-sections. Advanced numerical approaches have the capability to 
simulate complex coupling interactions between fluids and arbitrary geometric struc-
tures. Zhang et al. (2019) developed a potential-based numerical model using ADINA 
to calculate the added mass of submerged column with arbitrary cross-section under 
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seismic action. Computational fluid dynamics (CFD) is one of the popular numerical 
methods for analyzing the fluid–structure coupling effect (Huang et  al. 2009, 2018; 
Xu and Cai 2015; Ti et al. 2020a). CFD can comprehensively capture fluid motion for 
the evaluation of wave load, but it is associated with drawbacks such as high compu-
tational cost and a large amount of data. Fortunately, the boundary element method 
(BEM) based on potential flow theory can discretize the body surface into a finite 
number of panels and establish the integral equation to solve fluid–structure coupling 
issues by integrating over the object surface, which can efficiently and quickly evalu-
ate the hydrodynamic loads of offshore structures, ships, bridge piers, etc. (Teng and 
Taylor 1995; Choi et al. 2001; Chen and Mei 2016; Ti et al. 2019). For example, Teng 
and Gou (2006) employed the high-order boundary element method to compute the 
interaction between waves and large elastic floating bodies. Shen et  al. (2012) pro-
posed a numerical model that combines the boundary element method and high-
order finite element method to study the interaction between waves and elastic plates. 
Ti et al. (2020b) proposed a numerical model based on the boundary element method 
to solve the coupled response of elastic structures and waves. Since the added mass 
and added damping are the effective methods to characterize the structural hydrody-
namic force, the numerical model to evaluate the added mass and added damping of 
elastic bridge piers with the aid of the boundary element method can be a reference 
for the basic design and research of sea-crossing bridges.

In this paper, a numerical approach is presented for solving the general hydrody-
namic added mass and added damping of the elastic piers with arbitrary cross-section 
considering the effect of pier-water coupling by combining the Euler–Bernoulli beam 
theory with the boundary element method and basing on the potential flow theory. 
Firstly, the effectiveness of the developed method was verified by a benchmark experi-
ment. Then added mass of the circular section bridge pier is calculated using the pre-
sented model and compared with conventional analytical methods. The effects on the 
wet period and wet damping ratio of the structure are clarified. The influence of oscil-
lating frequency and geometry on the added mass and added damping is discussed as 
well.

2  Numerical model and validation
2.1  The process of pier‑water coupling

The fundamentals of dynamic coupling between elastic structures and fluids encom-
passes two main aspects: hydrodynamics and structural dynamics. When the elastic 
pier-water coupling system oscillates at a frequency of ω under steady-state conditions, 
based on potential flow theory, the velocity potential can be expressed as follows:

where: φr(x, y, z) represents the spatial component of the radiation velocity potential 
and a denotes the amplitude of the velocity potential under the harmonic excitation. 
The velocity potential should satisfy the Laplace’s equation and boundary conditions, 
which include the free surface boundary condition, seabed boundary condition, and 

(1)�(x, y, z, t) = aφr(x, y, z)e
−iωt
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far-field boundary condition. The detailed formulations for each boundary condition are 
described in the literature (Ti et al. 2022) and not listed here for the sake of conciseness.

The radiation potential satisfies:

where n is the normal vector and v(x, y, z) is the velocity amplitude of the structure’s 
motion. Using the modal superposition principle in structural dynamics, the structural 
displacement u(x, y, z) can be expressed in the form of a sum of individual modes:

where m is the number of modes, ϕj(x, y, z) is the jth mode, and ξj is the jth mode coordi-
nate. Correspondingly, the radiation potential φr can be expressed as:

where φr,j is the radiation potential induced when the pier vibrates with the unit ampli-
tude of the jth mode. Equation (4) realizes the pier-water coupling, and the coupling pro-
cess is shown in Fig. 1.

(2)
∂φr

∂n
= v(x, y, z)

(3)v(x, y, z) = −iωu(x, y, z) =

m

j=1

−iωϕj(x, y, z)ξj

(4)φr = −iω

m
∑

j=1

ξjφr,j

Fig. 1 Flowchart of analysis framework for the pier-water coupling process
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Figure  1 shows an elastic pier with a fixed bottom and arbitrarily shaped cross-
section surrounded by water, where Sd denotes the seafloor, Oxyz is the right-handed 
coordinate system, and z = 0 indicates the average free surface.

By using the linear Bernoulli equation, the dynamic pressure can be obtained as:

where ρ is the density of fluid.
The solution of hydrodynamic pressure is crucial in analyzing pier-water coupling 

problems. Traditional analytical methods encounter challenges when solving the cou-
pling problem between bridge piers with complex cross-sections and fluid. However, the 
boundary element method offers a practical numerical approach by discretizing the sur-
face of the structure into a finite number of panels. This facilitates the solution of the 
pier-water coupling problem for geometrically diverse cross-sections. Using the second 
Green’s theorem, the boundary integral issue for the constant boundary element is as 
follows:

where x0 is the source point, α is the solid angle coefficient, α = 1 indicates the source 
point is in the fluid region, and α = 1/2 denotes the source point is on the body surface. 
The free-surface Green’s function G proposed by John (1949; John 1950) is utilized in 
this paper.

2.2  Hydrodynamic added mass and added damping

By integrating the body surface pressure along the length of the beam element, the 
equivalent hydrodynamic force at each node of the beam can be obtained:

where N is the shape function matrix, fi, fd and fr are respectively the equal effective-
ness vectors of the incident, diffraction and radiation waves, and Se represents the wet-
ted surface of the structure. By substituting Eq. (5) into Eq. (7), the radiation force can be 
expressed as follows:

where mw and cw are the added mass and the added damping of the element.

(5)p = −ρ
∂φ

∂t
= iωρ(φi + φd)+ ω2

m
∑

j=1

ξjφr,j

(6)

αφ(x0, y0, z0) =

∫∫

S

∂φ(x, y, z)

∂n
G(x, y, z; x0, y0, z0)ds−

∫∫

S

∂G(x, y, z; x0, y0, z0)

∂n
φ(x, y, z)ds

(7)f =

∫

Se

p N
TdS = fi + fd + fr

(8)fr =

m
∑

j=1

(ω2
mw,j + iωcw,j)ξj

(9)mw = Re[ρ

∫

Se

φr,jN
TdS]
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The dynamic equation of the structure considering the pier-water coupling effect is 
given by:

where M, K and C correspond to the structure’s global mass matrix, stiffness matrix, and 
damping matrix, respectively. Fex is the exciting force, Mw = mwϕ , Cw = cwϕ . It should 
be noted that the added mass discussed below is Mw , and the added damping is Cw . The 
modal amplitude ξj is the only unknown quantity in the above equation, which can be 
obtained by solving linear equations.

2.3  Fundamental period and damping ratio

The added mass and added damping cause the structural dynamic properties to 
change. In the following analysis, the iterative method is employed to investigate the 
influence of added mass and added damping on the fundamental period and damping 
ratio of the structure. The first-order mode is considered as an example for this study. 
First, using ω1,s and ϕ1,s of the structure in the first mode of free vibration in the air, 
the corresponding radiation potential φr,1 is obtained for Mw and Cw . Then the fre-
quencies ω1,w and modes ϕ1,w of vibration in water are calculated by substituting Mw 
and Cw into the eigenvalue equation and repeating the above steps to obtain the 

(10)cw = Im[ωρ

∫

Se

φr,jN
TdS]

(11)
m
∑

j=1

[−ω2(Mϕj +Mw,j)− iω(Cϕj + Cw,j)+ Kϕj]ξj = Fex

Fig. 2 Flowchart to investigate fundamental period and damping ratio considering the pier-water coupling 
effect
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correlative φ2
r,1 , Mw and Cw . Repeatedly iterating j times until the frequency 

∣

∣

∣
ω
j
1,w − ω

j−1

1,w

∣

∣

∣
� 10−3 obtained before and after two times, the period and damping 

ratio after considering the fluid–structure coupling effect can be obtained by ωj
1,w . 

The specific iterative process is shown in Fig. 2.

2.4  Experimental validation

The benchmark experiment reported in the literature (Bai 2018) investigated the 
dynamic fluid–structure coupling issue of an elastic cylinder fixed at the bottom 
under wave action. The specific experiment model and wave parameters are detailed 
in the literature (Bai 2018). To determine the validity of the code, the experimental 
model is replicated and calculated using the developed method and compared with 
the test results. The water depth is 0.6 m. The numerical model is constructed using 

Fig. 3 Discretized panels of the experimental model

Fig. 4 Developed and experimental results of fundamental period and damping ratio for benchmark model: 
a fundamental period; and b damping ratio
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the developed method, with the structural bottom fully constrained. The structural 
submerged part is discretized into 800 quadrilateral panels, as shown in Fig. 3.

The fundamental periods and damping ratios of the model’s vibration are tested 
separately in air and water, representing the conditions without and with the presence 
of water, respectively. The results depicted in Fig. 4 demonstrate an increase in both 
the fundamental period and damping ratio in the presence of water. Moreover, the 
increase in the damping ratio is more pronounced, indicating that water has a greater 
impact on the damping characteristics. The calculated results are in good agreement 
with the experimental results. This demonstrates that the developed method provides 
a reasonably accurate estimation of the structural characteristics when considering 
the coupling effect between the elastic structure and water. It also reflects the high 
precision of the proposed method in solving the added mass and added damping.

3  Case study and discussions
Previous analytical methods often simplify the calculation by treating the structure as a 
rigid body and neglecting the influence of the free water surface. However, it is neces-
sary to investigate the impact of structural elasticity and the free water surface on the 
added mass and added damping. Furthermore, the discrepancies in added mass and 
added damping among different cross-sections require further examination. This paper 
utilizes a circular cross-section pier with analytical solutions for hydrodynamic coeffi-
cients as the fundamental model case. As shown in Fig. 5, the bottom of the circular pier 
is fastened to the seafloor, with a diameter of 12 m and a height of 100 m. The equiva-
lent stiffness is 15,800 GN·m2, and the mass is 84.7 kN/m. The wave amplitude A is 1 m, 
the water depth is 90 m, and the fluid density ρw is 1000 kg/m3. A concentrated mass is 
added at the free end of the pier top to simulate the effect of the bridge superstructure 
mass. The fundamental frequency of the circular pier is 0.236 Hz and the damping ratio 
is 0.05.

Fig. 5 Dimensions and panel discretization of the studying circular pier: a dimensions of the case pier; and b 
discretized panels on the submerged surface
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3.1  Comparison with analytical formula

The added mass formula proposed by Liaw and Chopra (1974) based on radiation wave 
theory is widely cited in engineering. It is elected to calculate the added mass of the cir-
cular pier model and compared with the developed method.

Equation from Liaw and Chopra (1974):

where D is the diameter, Hw is the water depth, z′ is the location along the 
height of the circular pier, the bottom of the pier z′ = 0,  Iq =

∫ Hw

0
cos

(

αqz
′
)

dz′ , 
�
′
q = αq = (2q − 1)π/2Hw , Eq(x) = K1(x)/(K0(x)+ K2(x)) , Kn(x) is the modified Bessel 

function of order n of the second kind, q = 1, 2, ...,Nq , where Nq is the number of terms, 
take the number of terms greater than 50 has better convergence, and this paper is taken 
as 60. Since Liaw and Chopra (1974) ignores the effect of added damping, the following 
discussion ignores it.

Using the developed method and the formulas from Liaw and Chopra (1974), the 
added mass and added damping distribution per unit length of the circular pier are 
computed when it undergoes free vibration at the first-order mode. It should be 
emphasized that the computation of the added mass and added damping presented 
in this study is based on the normalization of the first-order mode. The correspond-
ing results are depicted in Fig.  6. Where z/hw = 0 denotes the water surface and 
z/hw = −1 denotes the pier bottom.

The results show that the added masses calculated by both methods have the 
same overall trend along the pier height, which grows rapidly from the free surface 
to z = 0.2hw and then decreases gradually with increasing water depth. It is found 
that the added mass calculated by Eq.  (12) considering the structure as a rigid body 
is larger than that calculated by accounting for the elasticity of the structure, which 
is also mentioned in Liaw and Chopra (1974). The analytical formulation ignores the 
free surface waves, which leads to disregarding the effect of added damping. However, 

(12)ma
′(z′) = 4ρwπD

Nq
∑

1

Iq

2�′qHw
Eq

(

�
′
qD

2

)

cos
(

αqz
′
)

Fig. 6 Comparison of the distribution of added mass and added damping along the height of the bridge 
pier between results from Liaw and Chopra (1974) and developed model: a Added mass; and b Added 
damping



Page 10 of 16Wang and Ti  Advances in Bridge Engineering            (2023) 4:24 

it is evident from Fig. 6 that the added damping exhibits a similar magnitude as the 
peak added mass. The added damping is larger near the water surface, indicating that 
the influence of the surface waves is critical.

Considering added mass and added damping change the fundamental period and 
damping ratio of the structure. To assess the effect of calculated results from the above 
two methods on these structural properties, a comparison is made against the charac-
teristics of the original structure unaffected by hydrodynamic effects, as shown in Fig. 7. 
The developed method demonstrated a 2.6% increment in the fundamental period and 
a notable 14.4% rise in the damping ratio when compared to the characteristics of the 
original structure. The data indicates that the influence of added damping on structural 
damping ratio is quite significant. Therefore, when analyzing the coupling between elas-
tic piers and water, it is essential to consider the effects of added damping. In contrast, 
the fundamental period computed using the result from Liaw and Chopra (1974) expe-
rienced a 3.8% increase. Since the analytical formula does not consider added damping, 
the damping ratio does not change.

3.2  Effect of oscillating frequency

The developed method takes into account the influence of the free surface wave, and the 
boundary condition for the free water surface is expressed as follows:

where g = 9.81m/s2 . From Eqs. (4), (9), (10), and (13), it is evident that the added mass 
and added damping are related to the structural oscillating frequency, taking into 
account the influence of free surface waves. In order to investigate the influence of oscil-
lating frequency on the added mass and added damping, this section presents the com-
putation of the added mass and added damping of the circular pier under the harmonic 

(13)
∂φ(x, y, z)

∂z
=

ω2

g
φ(x, y, z)

Fig. 7 Comparison of fundamental period and damping ratio between results from Liaw and Chopra (1974), 
developed model, and case without hydrodynamic effect



Page 11 of 16Wang and Ti  Advances in Bridge Engineering            (2023) 4:24  

excitation with unit wave amplitude within the frequency range of 0.02 Hz to 0.4 Hz. 
To gain a deeper understanding of the distribution of added mass and added damping 
along the height of the pier, six specific positions are chosen for calculation. Further-
more, through the integration of the added mass and damping values along the water 
depth, the total added mass and added damping can be obtained for various oscillating 
frequencies. The results are shown in Figs. 8 and 9. Where z is the location along the pier 
height and hw represents the water depth, z = 0 represents the location on the surface 
and z < 0 represents the submerged location.

As shown in Fig.  8, the oscillating frequency exerts varying degrees of influence on 
the added mass and added damping at different heights, indicating the significance of 
considering the surface wave effects induced by radiation. In particular, the impact is 
most significant from the water surface to z = −2/9hw , while it is less prominent near 
the bottom of the pier. This is attributed to the strong surface wave effects near the water 
surface, whereas the dynamic water pressure induced by surface waves diminishes with 
increasing water depth.

Figure  9 shows the strong frequency dependence of the total added mass and the 
total added damping. The sum of the added mass peaks at a frequency close to 0.1 Hz. 
One probable explanation is that the harmonic excitation force at 0.1  Hz is powerful 

Fig. 8 Distribution of added mass and added damping with oscillating frequency at different locations: a 
Added mass; and b Added damping

Fig. 9 Distribution of total added mass and total added damping with oscillating frequency: a Added mass; 
and b Added damping
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and accelerates the motion of the structure. This leads to a greater involvement of water 
mass in the structural motion, resulting in a significant increase in inertial mass. And 
the sum of added damping peaks at the oscillating frequency near the fundamental fre-
quency. The reason could be attributed to the resonance of the structure, which causes 
the surrounding water to vibrate together. This phenomenon results in the continuous 
dissipation of the structural kinetic energy and a prominent value of added damping.

To sum up, the added mass and added damping are sensitive to the oscillating fre-
quency and have different peak frequencies. Furthermore, the distribution of added mass 
and added damping is primarily concentrated from the water surface to z = −2/9hw.

3.3  Effect of geometry

Geometry has a significant influence on the pier-water interaction. In order to investi-
gate the effect of geometry on added mass and added damping, four cross-sections com-
monly used for bridge piers, i.e., circular, elliptical, rounded rectangular and square are 
selected to compare to find a cross-section that may be most suitable relative to the pier-
water coupling problem. Note that geometric properties such as length, water depth, 
area, density, mass, and stiffness are kept consistent with the previous circular pier case 
to exclusively study the effect of cross-sectional geometry. To ensure consistent obstruc-
tion of water flow, the selected cross-sections are standardized to a uniform width of 
12  m. The dimensions of cross-sections and the discretized meshes are rendered in 
Fig. 10.

Figure  11 demonstrates the geometry has significant effect on added mass and 
added damping. Specifically, the square shape exhibits the largest added mass com-
pared to the other shapes, while the rounded rectangle shape exhibits the largest added 
damping. The fundamental period Twet,square > Twet,rectangle > Twet,ellipse > Tcircular 
can be visualized in Fig.  12, indicating that the square shape induced the most sig-
nificant added mass while the circle induced the least added mass. The damping ratio 
ζwet,rectangle > ζwet,square > ζwet,ellipse > ζcircular , indicating that the rounded rectangle 
generates the most amount of radiated waves and the circle generates the least amount 
of radiated waves in one oscillation period. In summary, the pier-water coupling interac-
tion of the square and rounded rectangle is more pronounced concerning added mass 

Fig. 10 Dimensions and discretized meshes of different cross-sections
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and added damping, while the pier-water coupling interaction of the circular and ellipti-
cal form is close but not significant. The fundamental periods of the four cross-sections 
are found to be similar numerically, but the damping ratio differs significantly, indicating 
that the shape of the structural cross-section has a greater effect on the damping charac-
teristics of the structure.

4  Conclusions
In this paper, a frequency domain boundary element method of pier-water coupling based 
on potential flow theory and modal superposition method was established. The general 
formulation of hydrodynamic added mass and added damping of elastic bridge piers with 
arbitrary cross-sectional shape was derived, and the period and damping ratio of the struc-
ture at pier-water coupling were obtained by an iterative scheme. The effectiveness of the 
model was verified using the benchmark test model from existing literature. To investigate 

Fig. 11 Distribution of added mass and added damping along the pier height for different cross-sections

Fig. 12 Fundamental frequencies and damping ratios of bridge piers in air and water conditions for different 
cross-sections
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the effect of the pier-water coupling interaction on the added mass and added damping, a 
circular pier model was calculated using the developed method and the analytical formula 
without considering the structural elasticity. The effects of oscillating frequency and geom-
etry of cross-section on added mass and added damping were investigated. The main find-
ings were as follows:

(1) The developed method exhibits fine agreement with benchmark experimen-
tal results, confirming its effectiveness in simulating the fluid–structure coupling 
between elastic piers and water and accurately estimating the hydrodynamic added 
mass and added damping.

(2) The surface waves significantly affect the damping characteristics of the struc-
ture. Compared to the analytical method that neglect the surface wave effects, the 
developed method is capable of calculating added damping caused by surface wave 
effects. Considering the added damping leads to a notable increase of 14.4% in the 
damping ratio of the structure. This indicates that the surface wave effects induced 
by radiation should not be neglected.

(3) The oscillating frequency of the structure has a significant impact on the hydro-
dynamic added mass and added damping, especially near the water surface. This 
indicates that the surface wave effects induced by radiation primarily concentrate 
on the surface. The total added mass reaches its maximum value at a vibration fre-
quency of 0.1 Hz, while the maximum value of the total added damping occurs at 
frequencies near the fundamental frequency.

(4) Geometry shows obvious impacts on the hydrodynamic added mass and added 
damping. The fundamental periods of different cross-sections show similarity, 
while the damping ratios exhibit significant variations, emphasizing the notable 
influence of the structural cross-sectional shape on the damping characteristics.

The structural characteristics and geometric shapes have an impact on the hydrody-
namic added mass and added damping of elastic structures, so the conclusions drawn 
in this research are context-dependent and subject to variation based on the specific 
circumstances.
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