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1  An explanation of why your manuscript should be published in advances 
in bridge engineering

• For the first time the authors propose the Polya urn model-based methodology for 
assessing the performance of prestressed concrete (PSC) girder bridge system, using 
strain monitoring data from a limited number of girders.

• The methodology is useful when the monitored girders are randomly located in the 
bridge system. The methodology is illustrated considering a PSC bridge with hun-
dred girders, with 20 PSC girders instrumented for strain monitoring, and comput-
ing the performability of the system considering estimated loss of prestress from the 
monitored girders. Estimating the performability of the system will be help in deci-
sion making with respect to detailed bridge inspection.

• The methodology belongs to the domain of data-driven approach

Abstract 

A methodology for performance assessment of prestressed concrete (PSC) girder 
bridge system, based on strain monitoring in limited number of girders, is proposed 
in this paper. The methodology uses Polya urn model for determining probabilities 
of the bridge system being in different condition states with respect to loss of pre-
stress. Performability measure is used for describing the performance of the bridge 
system. A condition state is assigned for the bridge system from a predefined set of 
condition states. The time for detailed inspection is determined as the time instant at 
which the performability of the bridge system becomes less than the target/required 
performance level. Performance assessment of a bridge system with one hundred PSC 
girders is considered for illustrating the methodology. The obtained values of condition 
state probabilities and performability for the considered scenarios (i.e., different num-
ber of monitored girders with prestress loss exceeding the allowable value) suggest 
that the methodology is able to consider the value of available information.
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2 Introduction
Several prestressed concrete (PSC) girder bridge systems have large number of girders 
which are nominally similar and are exposed to almost similar environment along the 
length of the bridge system. For instance, in Chennai, India, the Mass Rapid Transit Sys-
tem is having a PSC bridge system with 288 nominally similar girders each of 18.0 m 
span and 270 girders each of 22.5 m span along the length. Here after, in this paper, such 
bridge systems are simply referred to as bridge system. During the service life, typi-
cal bridge system, depending on traffic, environmental conditions, and inspection and 
maintenance strategy adopted, can be subjected to different degradation mechanisms. 
One of the important mechanisms of degradation in performance of PSC girders is the 
prestress loss-induced excessive deflection of bridge span. The time-dependent pre-
stress losses, during the service life, due to relaxation in prestressing steel and shrinkage- 
and creep- of concrete may result in excessive deflections and associated serviceability 
issues in bridge systems. For instance, within 18 years, an average prestress loss of 50% 
was reported for the Koror-Babeldaob Bridge in Palau, which has lead to excessive cam-
ber and required remedial measures (Bazant et  al. 2011). Numbers of cases wherein 
measured deflections in PSC bridge girders exceed the allowable deflections have been 
reported by Bazant et al. (Bazant et al. 2011). This shows the need for periodic inspec-
tion and maintenance of the PSC bridge girders for ensuring the functionality and for 
service life extension.

In general, the inspections carried out on bridges can be classified as: (i) General/
routine inspection, (ii) Detailed inspection and (iii) Special inspection (Handbook on 
inspection of bridges – RDSO). The national and state highways departments maintain 
the inspection reports of the bridges falling in their respective purview. These reports 
help in assessing the condition of bridges. Depending on the computed condition rating 
of a bridge, its remaining life or life expectancy can be estimated.

Monitoring the loss of prestress in all of the PSC girders in a bridge system of the type 
considered in this study may not be economically feasible and/or practical. Also, the 
funds available for bridge inspection and maintenance are limited, and hence it is essen-
tial to develop strategies which are more rational and optimal for scheduling of inspec-
tion and maintenance activities (Sánchez-Silva et al. 2016; Schöbi and Chatzi 2016).

A comprehensive study presenting the importance of consideration of uncertain-
ties and probabilistic modelling in assessment of life expectancy of bridges and other 
highway assets have been presented in NCHRP report (NCHRP 2012). The estimated 
expected lives can be used, amongst others, for prioritization of projects. One of the 
approaches mentioned in this report is Markov-based duration model.

The methodologies, in general, used to assess the condition rating of bridges can be 
classified as follows:

• Empirical modelling approaches (Agrawal and Kawaguchi 2009; Lavrenz et al. 2015; 
Moomen et al. 2016; Saeed et al. 2017a; Saeed et al. 2017b; Tolliver and Pan 2011; 
Van Noortwijk and Klatter 2004; Veshosky et al. 1994; Zhang et al. 2003).

• Markov Chains (Balaji Rao and Appa Rao 1999; Amin and Adey 2015; Estes and 
Frangopol 2001; Hallberg 2005; Jiang and Sinha 1989; Morcous 2006; Robelin and 
Madanat 2007; Sobanjo 2011).
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• Discrete choice models (Saeed et al. 2016; Saeed et al. 2017c).
• Machine learning techniques such as ANN, instance-based learning, inductive learn-

ing (Melhem and Cheng 2003; Narasinghe et al. 2006).
• Duration models with exponential, Gamma, Weibull, or Rayleigh distributions (Klat-

ter and Van Noortwijk 2003; Hearn and Xi 2007; Nicolai 2008; Ng and Moses 1996).

In the present study, the focus is on prestress loss estimation due to ageing effects 
alone (effects due to cracking and spalling and possible breakage of prestressing tendon 
are not considered) and based on strain data obtained during inspection or continu-
ous monitoring of limited number of PSC girders in a bridge system. As pointed out in 
NCHRP report (NCHRP 2012), there is a need to account for appropriate uncertainties 
and the quantity of data available.

This can be realised by developing methodologies for prestress loss assessment in the 
PSC girders based on monitoring data from few girders in the bridge system (Saliya 
2008). For condition assessment of bridge system using information from limited inspec-
tion, Markov chain (MC) models have been proposed in the literature. However, the use 
of MC models is limited by the requirement of availability of inspection data on adja-
cent girders. Balaji Rao and Anoop (Balaji Rao and Anoop 2019) proposed a Polya urn 
model-based procedure for prestress loss assessment of girders in a PSC bridge system, 
considering monitored strain data from few numbers of nominally similar girders. The 
proposed procedure integrates a stochastic pure birth process model (namely, the Polya 
urn model) with the AASHTO LRFD 2012 prestress loss estimation method (AASHTO 
2012). The procedure relaxes the requirement for adjacency of the girders to be moni-
tored needed for the Markov chain model, and hence is more flexible.

In the present study, a methodology for performance-based condition assessment of a 
bridge system, based on prestress loss estimated from the strains obtained from limited 
number of prestressed concrete (PSC) girders, is proposed. The condition state prob-
abilities are determined using the Polya urn based model (Balaji Rao and Anoop 2019). 
Performability measure is used for describing the performance of the bridge system. The 
methodology makes use of a data-driven approach. The performance assessment proce-
dure presented in this paper can be used as a stand-alone module (if the data is obtained 
from inspections) or can be integrated in to an online decision making module if the 
data is acquired in real time (viz. continuous structural health monitoring). The latter 
can be used for quick assessment of the condition of the bridge stock with respect to the 
target performance requirements. The methodology is illustrated by considering a sim-
ple example of a PSC bridge system with one hundred girders. It is noted that some of 
the information presented in this paper are based on Ref. (Balaji Rao and Anoop 2019). 
The aim is to reach wider readership.

3  Why data‑driven approach?
The structural health monitoring (SHM) has traditionally been using a model-based 
approach, however, the complexities involved in modelling the structure has made 
data-driven approaches to SHM an attractive alternate (Sen and Nagarajaiah 2018). As 
pointed out by Hughes et al. (Hughes et al. 2021), a decision maker is tasked with activi-
ties related to making decisions that are robust enough to handle the uncertainties in the 
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data regarding the damage state of the structure. The authors recommend a probabil-
istic risk-based decision approach for addressing this complex SHM problem (more so 
when the decisions are made with respect to populations of structures). Ye et al. (Ye et al. 
2019) deal with issues related to creation of digital twin of bridges. They recommend 
data-driven approach for updating the relevant models. Statistical learning algorithms 
are widely employed in data-driven approaches for SHM. The statistical learning theory, 
as stated by Bousquet et al. (Bousquet et al. 2004), provides a framework for studying the 
problem of inference, that is of gaining knowledge, constructing models, making pre-
dictions or making decisions using a set of data. In data-driven approaches, the aim is 
the development of a statistical representation of the system. According to Worden and 
Manson (Worden and Manson 2006), data-driven approaches provide a natural frame-
work for addressing the first three of the four hierarchical levels (namely, detection, 
localisation, assessment and prediction) of SHM.

A statistical reinforced learning model using Polya urn model (Morcrette 2012) is con-
sidered in this study for developing the methodology for performance-based condition 
assessment of prestressed concrete bridge system. The methodology can work with lim-
ited amount of monitoring data and can provide an effective framework for online SHM. 
The details of the model are presented in the following section. The data obtained from 
the inspection or on-line monitoring is assumed to have been filtered for the various 
noises and varying unknown conditions using techniques such as those presented by 
Figueiredo et al. (Figueiredo et al. 2014) and Liu et al. (Liu et al. 2019).

4  Methodology for performance assessment of bridge system
A procedure based on Polya urn model has been proposed by Balaji Rao and Anoop 
(Balaji Rao and Anoop 2019) for prestress loss assessment in girders of a PSC bridge 
system, using monitored strain data obtained from a limited number of girders. In 
the present study, the procedure is further extended for performance-based condition 
assessment of girders in a PSC bridge system. The steps involved in the proposed meth-
odology are as follows.

Step 1: Determination of the expected loss of prestress at different times: In this study, 
the loss of prestress due to shrinkage, creep and relaxation, and the total prestress loss 
at different times are predicted using the detailed method specified in AASHTO LRFD 
2012 (AASHTO 2012).

Step 2: Estimation of the actual loss of prestress based on monitored strain data: There 
exist different methods for determining the loss of prestress in PSC girders of an exist-
ing bridge system. One method is to use the monitored strain data. Another method is 
to use local elastic stress relief techniques such as concrete core trepanning technique, 
centre hole stress relief technique, concrete stress relief core technique, steel stress relief 
hole technique (Kesavan et al. 2005). In the present study, for the purpose of illustrat-
ing the proposed methodology, actual prestress losses in the monitored PSC girders are 
estimated using the strain in concrete at the level of centre of gravity of prestressing steel 
monitored using embedded strain gauges.

Step 3: Determination of the condition state probabilities for the bridge system using 
Polya Urn model: The condition states of the bridge system is defined, in this paper, by 
the specified percentage of bridge girders having loss of prestress more than allowable 
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value. Using the Polya urn model, the probabilities of bridge system in different condi-
tion states are estimated.

Step 4: Computation of performability of the bridge system: In the present study, per-
formability is used as the measure for carrying out performance-based condition assess-
ment of the bridge system.

The details related to these steps are given in the following sections.

4.1  Determination of allowable loss of Prestress at different times

AASHTO LRFD 2012 (AASHTO 2012) provides a ‘detailed prestress loss estimation 
method’ for the estimation of time-dependent prestress losses in the design of PSC gird-
ers (Swartz et al. 2012). The information about the concrete mixture proportions is not 
required for the use of this method. The prestress loss provisions of AASHTO LRFD 
2012 have been evaluated by Garber et al. (Garber et al. 2016), using an extensive data-
base. The database contained details of 237 girders representative of the actual PSC 
bridge girders. From the study, it is found that the ratio of estimated (using the detailed 
AASHTO LRFD procedure)-to-measured total prestress loss has a mean value of 1.25 
and a coefficient of variation of 0.24 (Garber et al. 2016). While these statistics are useful 
for determining the characteristic value of the stated ratio, it has been found that for as 
many as 30 girders in the database created by Garber (Garber 2014), the predictions by 
AASHTO 2012 are nonconservative and hence in the present study, the mean value only 
has been used. Since the total prestress losses predicted at different times would be con-
sidered in the design, these values are taken to be the allowable prestress loss (PL _ all(t)).

4.2  Estimation of actual loss of Prestress using monitored strain data

For PSC bridge girders it is found that the monitoring of prestress loss using strain sen-
sors (Cousins 2005; Barr et al. 2009; Yang and Myers 2005; Roller et al. 2011) is more 
useful than the other methods (ACI 423 2016). For PSC bridge girders, use of strain 
sensors for health monitoring is found to be more suitable due to the following advan-
tages: (i) accurate and stable long-term measurements, (ii) no requirement of calibration 
for every structure, and, (iii) direct relation of the measured strains to prestress losses 
(Abdel-Jaber and Glisic 2018). The strain in concrete at the level of centre of gravity of 
the prestressing steel can also be continuously monitored using embedded strain gauges 
(Ravisankar et al. 2008; Kamatchi et al. 2014). In this case, it is assumed that just after 
the transfer of prestress, the strain is measured which is considered as the baseline value, 
ϵCG, baseline. At any time t after transfer of prestress, the loss of prestress is given by:

where

εCG(t) is the measured strain at time t in concrete at the level of centre of gravity of the 
prestressing steel and Eps is the modulus of elasticity of the prestresing steel.

The prestress loss (in percentage) is obtained as:

(1)�fps,estimated(t) = Eps ×�εCG(t)

(2)�εCG(t) = εCG(t)− ǫCG,baseline
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The predictions made based on Eq. (3) are considered to be satisfactory based on the 
results presented in Appendix 2.

The loss of prestress due to corrosion-induced cracking of concrete in the PSC bridge 
girders is not considered in the present study. It is noted that, Dai et al. (Dai et al. 2020) 
have reported that for corrosion losses less than 6.6%, the reduction in effective prestress 
due to corrosion-induced concrete cracking is negligible. However, for corrosion losses 
more than 6.6%, the prestress loss due to corrosion-induced cracking can be estimated 
using the model proposed by Dai et al. (Dai et al. 2020) and incorporation of the same 
in the methodology proposed in the present study needs further investigation and is not 
attempted in this paper.

4.3  Polya urn model for condition assessment of PSC girders

The Markov chain models discussed in Appendix 1 are more appropriate when the 
baseline information about the girder in the bridge system is available and these mod-
els make use of the one-step dependence with respect to index space for a girder and 
between two adjacent girders with respect to evaluation of condition state of the bridge 
system. These difficulties can be overcome by considering Polya urn model, which is a 
baseline-free model and data-driven model with respect to structural health monitoring 
terminology (Worden and Manson 2006).

Polya urn models have been widely considered in classical statistics. Its applications 
can be found in sciences, economics etc. due to the impetus given to the data driven 
approaches for decision making (Pasanisi (Pasanisi 2014) and the references therein). 
In structural engineering its potential for making engineering decisions is yet to be 
explored.

The recent developments in sensor technology, IoT etc. have enabled remote structural 
health monitoring (RSHM) of bridges. Using RSHM bridge-specific relevant data can be 
acquired at a central place for making asset management decisions. While considerable 
progress has been achieved in RSHM, there is a scope for development of methodolo-
gies for making engineering decisions at macroscopic level, using the data obtained dur-
ing RSHM, for asset management. The need for development of such methodologies has 
been brought out by Omar and Nehdi (Omar and Nehdi 2018). In this paper the possi-
bility of development of Polya urn model is explored.

More details of the model are presented in Balaji Rao and Anoop (Balaji Rao and 
Anoop 2019). The details, as required for the present paper, are presented below.

It is assumed that the environment to which the girders in the PSC bridge system are 
exposed is nominally similar. This assumption is valid for number of bridge systems. For 
instance, in Chennai, India, the Mass Rapid Transit System with 288 nominally similar 
PSC girders each of 18.0 m span and 270 girders each of 22.5 m span, is located along the 
coastline of Chennai, and is exposed to a more or less similar environment.

A small number of PSC girders are assumed to have been instrumented with strain 
gages on concrete surface at the level of centre of gravity of the prestressing steel. 
Using monitored strain data, the loss of prestress in these girders can be estimated. 

(3)fpsloss,predicted(t) =
�fps,estimated(t)

fst
× 100
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The monitored or measured strains can come from health monitoring or measured 
during inspection on limited number of girders. Based on the loss of prestress esti-
mated in these monitored girders, the interest is in knowing the percentage, p, of 
girders with loss of prestress more than the allowable in the bridge system. In the pre-
sent study, this is achieved using the Polya urn model. The quantity p can be used for 
assessing the condition state of the bridge system.

Polya urn model is a statistical model, and the urn process associated is a type of 
pure birth process. Polya urn represents a system having two types of objects called 
the balls. Different ball colours are used for distinguishing the object types. The PSC 
girders are the objects (or balls) in the present study. The state of loss of prestress is 
indicated by the colour of the ball, i.e., if the colour of the ball is black, then the loss 
of prestress in the girder is less than the allowable. If the colour of ball is white, then 
the loss of prestress is more than the allowable. The state of loss of prestress in the 
monitored PSC girders is represented by the initial configuration of the Polya urn. 
In a basic trial (or step), one randomly selects a ball from the urn, and subsequently 
returns it along with an identical ball (i.e., with the same color) to the urn. Each out-
come of the trial of picking a ball from the urn is equivalent to the inspection of one 
of the PSC girders, which was not initially considered for monitoring. That is, based 
on the colour of the selected ball, an inference on the state of loss of prestress in each 
of the girders not monitored is made. It stands to reason that there is a higher likeli-
hood for the PSC girder to be inspected next has loss of prestress greater than the 
allowable is higher, if, the loss of prestress is greater than the allowable in more num-
ber of monitored girders. This reasoning, also called the self-reinforcing property) is 
in-built in the Polya urn model (Pasanisi 2014).

Let B and W be the numbers of black- and white- balls, respectively, present in the 
urn initially. Then (B, W) is the initial configuration of the Polya urn and the total 
number of balls is n = B + W. After a number of steps (or trials), say N (N = n + M) is 
the number of balls available in the urn, where M is the number of steps. After M tri-
als, the probability of having exactly p% of the balls as white, is given by (Mahmoud 
2000; Antal et al. 2010):

where WM =
p
100N  , BM = N − WM. BM and WM should be integers.

The probability that up to m balls are white in the urn  (PRm) is:

where  Prk is computed using Eq. 4 by substituting  WM with k.
In this study, the condition state (CS(t)) of the PSC bridge system at time t is defined 

on the basis of the percentage of PSC girders with loss of prestress higher than the 
allowable as Very Good (0%–20%), Satisfactory (20%–40%), Poor (40%–60%), Serious 
(60%–80%), and Critical (80%–100%). Since the white ball indicates that in the PSC 
girder, the loss of prestress is more than the allowable, the probability distribution of 

(4)PrWM =
BM − 1
B− 1

WM − 1
W − 1

N − 1
B+W − 1

−1

(5)PRm = P(WM ≤ m) =

m
∑

k=1

Prk
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percentage of girders in the PSC bridge system with loss of prestress more than allow-
able can be determined using Eq. 5. From this probability distribution, the probabili-
ties  (pi(t), i = 1, …, 5) that the bridge system being in different condition states at time 
t are determined.

4.4  Performability

For performance-based condition assessment of the PSC girder, the condition state need 
to be related to the performance requirements. The usefulness of performability analysis 
for evaluating the performance of PSC girders under service loads is being explored in 
this paper.

Performability is the ability of the system to perform reliably even under degrading 
conditions and available to the engineer over intended life. From this view point, the 
tools required to evaluate the performability are reliability and availability analyses, 
method for estimation of response of the system suspended in a given environment. The 
uncertainties arising at different levels of evaluation should be given due consideration. 
In order to evaluate performability the following are needed: (i) a measure of perform-
ability, (ii) considerations and modelling of performability, and (iii) methodology for per-
formability analysis.

The performability measure combines both the reliability and performance measures 
(Sanders and Meyer 1991). Platis (Platis 2006) proposed a new performability measure, 
within the framework of Markov chains (homogeneous or non-homogeneous, depend-
ing on type of problem considered), to account for the transition of the system from one 
state to another through instantaneous or impulse rewards and by classical or cumula-
tive performability measure for the system spending in a given state over period of time.

Performability measure as proposed by Platis (Platis 2006) is an improvement to the 
availability measure for highly available systems (those systems whose availability and 
reliable performance are very vital at certain important times). The infrastructural facili-
ties, such as bridge systems (considered in the present study), can be classified as highly 
available systems as they are supposed to meet the target reliability requirements under 
the service loads during their life.

Performability models have been introduced by Beaudry (Beaudry 1978) by defining 
the combined measures of performance and reliability. In general, performability models 
consist of a stochastic process which will describe the system evolution and a reward 
structure which will relate the possible system behaviour to a specified performance var-
iable. While the performance variable can be instant-of-time variable, interval-of-time 
variable or the time-averaged interval-of-time variable (Sanders and Meyer 1991), the 
last two performance variables are not very sensitive to the system state at a particu-
lar instant of time as compared to the first one, especially at large times (Smith et  al. 
1988). Hence, for making decisions with respect to inspection, repair or replacement 
based upon the system state at a given instant of time, the instantaneous reward will be 
more useful. However, for selecting the best alternative based on a comparison of per-
formances over a period of time for different alternatives, the accumulated- and time-
averaged accumulated- rewards will be useful. A class of models that are increasingly 
used in the estimation of system performance is the performability model (Platis 2006).
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Meyer (from (Platis et al. 1998)) proposed a general framework for carrying out per-
formability analysis. Performability analysis provides a more detailed evaluation of the 
operational performance and is useful for performance evaluation of degrading systems 
(Platis et al. 1998). As pointed out by Aven (Aven 2008), performability analysis will be 
useful for ‘highlighting the uncertainties beyond expected values and probabilities.’

In order to apply the Markov chain-based approach for performability analysis of 
bridge system, the condition assessment of adjacent girders need to be carried out. It 
may be difficult to acquire field data about the strain in prestressing strands of adjacent 
girders even using CSHM. Hence, a data-driven and reinforced learning model, namely, 
Polya urn model is proposed in the present study to assess the condition of the system. 
This model makes use of data of measured or monitored strains from limited number of 
girders located at random locations (i.e., condition of adjacency requirement has been 
relaxed) in a bridge system. The condition so assessed is used to evaluate the perfor-
mance of PSC girder bridge system.

The methodology proposed in this paper is presented next.

4.5  Polya urn – based model for performance assessment

Let the reward structure at time t if given by  rCS(t) (i.e., the PSC girder bridge system is 
assigned a reward rate rCSi(t) if it is in condition state CSi at time t). Thus, the reward 
structure is a set of reward rates. Let he condition state of the system at time t is given 
by the vector CS(t) = [CS1(t), CS2(t), CS3(t), CS4(t), CS5(t)], and, let p(t) = [p1(t), p2(t), 
p3(t), p4(t), p5(t)] and r(t) = [rCS1(t), rCS2(t), rCS3(t), rCS4(t), rCS5(t)] be the corre-
sponding probabilities and reward rates, respectively. Then, the instantaneous reward of 
the system at time t is (Bolch et al. 1998):

The expected instantaneous reward can be computed as,

The expected value computed using Eq. (7) defines the performability of the bridge 
system.

4.5.1  Specification of reward rates – proposed structure

The reward structure is the set of reward rates associated with the different system 
states. The reward structure relates possible system behaviour to a specified perfor-
mance variable (refer Bolch et  al. (Bolch et  al. 1998) for some of the commonly used 
reward structures). The reward rates can be constant with time (stationary) or changing 
with time (dynamic). Since the PSC girders are normally designed for a long service life 
(typically 75 years), use of a dynamic reward rate is more rational. For a bridge system, 
it is more logical to assign a reward rate based on its age, design life, the time span it 
spends in a given condition state, and the variations in the demand and the operating 
environment. The determination of reward rates requires inputs from the designers, 
experts involved in inspection and condition assessment, and decision makers, and is 

(6)Z(t) = rCS(t)

(7)E[Z(t)] =

5
∑

i=1

rCSi(t)pi(t)
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not within the scope of this study. Hence, in the present study, a stationary reward struc-
ture as given in Table 1 is assumed. This is one of the limitations of the reward structure 
considered. However, it does not affect the general methodology presented.

The step-by-step procedure for Polya Urn model-based performance assessment of 
given prestressed concrete bridge system with respect to prestress loss in tendons is as 
follows.

 i). Let N and n be the total number and the number of monitored girders, respec-
tively, in the PSC bridge system. The monitoring can be through use of concrete 
embedded strain gauges at the level of the centre of gravity of the prestressing steel 
(viz., vibrating wire strain gauges).

 ii). Using the detailed procedure of AASHTO LRFD 2012, compute the expected val-
ues of loss of prestress at different times ‘t’. Since these prestress loss values are 
considered in deciding the initial prestress, these values are taken as the allowable 
prestress losses PL _ all(t) at the respective times.

 iii). Using monitored strain data, estimate the actual prestress loss 
( PiL_act(t), i = 1, 2, . . . , n ) at time t in the monitored PSC girders using Eq. 1.

 iv). Determine the initial urn configuration (B, W), so that B + W = n, where B and W 
are the number of monitored PSC girders with PiL_act(t) < PiL_all(t)

(

i = 1, 2, . . . , n ), 

and with PiL_act(t) ≥ PiL_all(t) (i = 1, 2, . . . , n) , respectively.
 v). Compute the probability distribution of percentage of PSC girders with loss of pre-

stress more than allowable at time t using Polya urn model (Eq. 5).
 vi). Compute the probabilities  (pi, i = 1, …, 5) for the bridge system being in different 

condition states (namely, Very Good, Satisfactory, Poor, Serious and Critical).
 vii). Compute the bridge system performability using Eq. 7.

The schematic representation of the procedure for performance assessment of bridge 
system is shown in Fig. 1.

5  Illustrative example
This example demonstrates the usefulness of the methodology, presented in the previ-
ous section. A bridge system with one hundred nominally similar PSC bridge girders 
of span = 17.22 m and having dimensions as given by Garber et al. (Garber et al. 2016), 

Table 1 Reward structure considered

a The reward rate assumed in this paper is akin to the condition rating of the components of a bridge prescribed in United 
States National Bridge Inventory. An excellent review of the bridge condition rating is given in Omar and Nehdi (Omar and 
Nehdi 2018)

Condition State of the Bridge System % of girders with more than allowable prestress 
loss

Reward  ratea

Very Good 0–20 10

Satisfactory > 20–40 5

Poor > 40–60 2

Serious > 60–80 1

Critical > 80–100 0.1
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is considered (i.e., N = 100). The girders are of Type-C (1016 mm deep I section) hav-
ing cross-sectional area = 3.2 ×  105  mm2, area of prestressing steel = 3748.38  mm2, 
stress at the time of transfer in prestressing steel = 1398.9 MPa, modulus of elasticity 
of prestressing steel = 2 ×  105 MPa,  fpu = 1860.3 MPa, moist curing duration = 2 days, 
relative humidity = 60%, and age at transfer of prestress = 1 day. The exposure condi-
tion for all the one hundred girders is assumed to be nominally similar. It is assumed 
that 20 PSC girders (i.e., n = 20) at random are inspected/monitored after 10 years for 
strain.

Fig. 1 Schematic representation of the Poly urn model-based procedure for performance assessment of 
bridge system

Fig. 2 Variation of prestress loss with age for PSC girder (using AASHTO LRFD 2012)
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6  Results and discussion
The AASHTO LRFD 2012 (AASHTO 2012) detailed method is used for estimating the 
loss of prestress due to shrinkage, creep, and relaxation. The estimated prestress losess at 
different times are shown in Fig. 2. From Fig. 2, it is noted that prestress loss due to creep 
is higher than those due to shrinkage and relaxation. The estimated values of total loss of 
prestress at different times are taken as the allowable (PL _ all(t)), since these values would 
be used in the design.

It is assumed that at an age of 10 years from the transfer of prestress, the condition 
assessment of the bridge is being attempted. A total of 20 girders selected at random 
have been monitored for the strain (and hence stress) in tendons. The strains so obtained 
represent the observed strains. The number of girders with observed loss of prestress 
less than the estimated loss of prestress,  n1, and, those with observed loss of prestress 
more than the estimated loss of prestress,  n2, define the initial Polya Urn configuration 
for the bridge system considered. It is noted that  n2 = n -  n1. For five different initial 
configurations ((n1,  n2) with varying values of  n1 and  n2), the probability distributions 
of percentage of girders in the PSC bridge system with loss of prestress more than the 
allowable are obtained using Eq. 5, typically for age of 10 years after transfer of prestress 
and are shown in Fig. 3. From Fig. 3, it is noted that the initial configuration has an influ-
ence on the skewness (measure of the asymmetry about the mean) of the probability dis-
tribution. When the initial configuration is such that  n1 and  n2 are closer to each other 
(for instance, the initial configuration (10, 10)), one obtains more or less symmetrical 
probability distributions. This is because the beta distribution with parameters  n1 and  n2 
is the limiting probability distribution for the frequency of girders with loss of prestress 
more than the allowable, and for  n1 =  n2, the beta distribution is a symmetrical distribu-
tion (Mahmoud 2000).

Figure  4 shows the influence of initial configuration on the condition state prob-
abilities of the bridge system. The different initial configurations considered repre-
sent some of the possible outcomes of the condition monitoring of randomly selected 

Fig. 3 Probability distributions for percentage of girders with loss of prestress more than allowable (time 
after transfer of prestress = 10 years, the values given in legend are the initial configurations considered)
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girders. It is noted from Fig. 4 that, as expected, the condition state of the bridge sys-
tem changes from Very Good to Critical with increase in  n1. Using the condition state 
probabilities (Fig. 4) and the reward structure given in Table 1, the performability of 
the bridge system is determined (using Eq. 7), and is shown in Fig. 5. From Fig. 5, it is 
noted that as  n1 increases, the performability of the bridge system decreases, indicat-
ing the need for detailed inspection and undertaking remedial measures.

Fig. 4 Variation in condition state probabilities of the bridge system with variation in the initial configuration

Fig. 5 Variation in performability with increase in number of girders having loss of prestress more than 
allowable in the initial configuration (n = 20)
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In order to study the relative importance of the variability of the reward rates consid-
ered and their influence on the performability, a sensitivity analysis is carried out. The 
relative sensitivity coefficients (defined as the fractional sensitivity of performability with 
respect to a fractional change in reward rate, i.e., ∂(E[Z(t)])

∂(ri(t))
ri(t)

E[Z(t)]
 ) obtained are shown in 

Fig. 6. From this figure, it is noted that, as expected, the variation in relative sensitivity 
coefficients is similar to that of the condition state probabilities (see Fig. 4). However, 
when the probabilities of bridge system being in Serious and Critical condition states are 
high, the performability is more influenced by the reward rate for the Serious condition 
state.

Estimation of the performability of the bridge system at the different time instants will 
be useful in decision making regarding detailed inspection. For instance, suppose it is 
proposed to have a detailed inspection if 40% or more girders have loss of prestress more 
than the allowable. This indicates that the detailed inspection needs to be taken up when 
the performability of the bridge system falls below 5.0 (i.e., less than condition state Sat-
isfactory, see Table  1). Thus, the proposed methodology provides a rational basis for 
taking informed decisions regarding inspection scheduling of the entire bridge system 
based on data from strain monitoring of a few number of girders.

7  Summary
A Polya urn model-based methodology for assessment of performance of prestressed 
concrete bridge system using data from strain monitoring in limited number of girders 
is presented in this paper. It is assumed that: (i) the environmental exposure condition 
is nominally similar for all of the PSC girders in the bridge system, and, (ii) the number 
of monitored girders are much less than the number of girders in the bridge system. The 
methodology can be used even when randomly selected girders in the bridge system are 
considered for monitoring. An example of a PSC bridge having one hundred bridge gird-
ers, with 20 PSC girders instrumented for strain monitoring is considered for illustrat-
ing the usefulness of the methodology. The performability of the system is computed 

Fig. 6 Variation in relative sensitivity of performability with reward rate for different initial configurations 
(n = 20)
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considering estimated prestress loss from the monitored PSC girders. Estimating the 
performability of the system will be useful for decision making regarding scheduling of 
the detailed inspection of the bridge system.

7.1  Scope for future research

• In this paper only loss of prestress is considered. However, the actual condition of 
the girder that might have resulted in the loss of prestress (viz. cracking, some local 
distress) is not considered. This information will be available during preliminary/
detailed inspections. Consideration of this information in performance assessment 
of bridge system using Polya urn model is going to be a challenging task.

• The reward rates associated with the condition states of the bridge system are 
assumed to be time-invariant in the present study, which can be further improved by 
consideration of time varying reward rates.

Appendix 1
As pointed out in the introduction, for bridge systems, one of the popular models used 
for condition assessment is Markov chain models. These models are highly mathemati-
cally tractable and are successfully used for, in general, off-line condition assessment of 
bridge stock (viz. Jiang and Sinha (Jiang and Sinha 1989)).

Depending on the understanding of the response variable characterizing the degrada-
tion of the performance of the system/girder and the amount of condition monitoring 
data available, the evolution of the response of the system, required for prediction of the 
condition state of the system in future or for scheduling of inspection, is modelled as 
continuous time- or discrete time- Markov chain.

If continuous time Markov chain is used for modeling the evolution of the response, 
determination of generator or rate matrix plays an important role. In general, the rate 
matrix is formulated using a detailed analytical modelling of the structure and the pos-
sible degradation mechanisms affecting the response evolution. The response of the 
girder defines the state space. Since the response evolves continuously in time the state 
space will be continuous. However, in order to take decisions, it is common to discretize 
the state space in to mutually exclusive and collectively exhaustive discrete states (Balaji 
Rao 2021). In this case each state corresponds to a range of response. One of the ways 
of discretisation is based on expected target reliability requirements at different times 
(Balaji Rao 2020). In such a case, the basic governing differential equation, modelling the 
response evolution of the system, is given by:

where P(t) is the transition probability matrix at time t, Λ is the rate matrix. The steady 
state vector, π, corresponding to P(t) can be estimated from the following equations.

(A-1)
dP(t)

dt
= �P(t)
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where n is the number of states of the Markov chain.
If the system response evolution is modelled using discrete time Markov chain, the 

formulations presented in Balaji Rao and Appa Rao (Balaji Rao and Appa Rao 1999; 
Balaji Rao and Appa Rao 2004) and Prakash Desayi and Balaji Rao (Desayi and Balaji 
1989) can be used. The formulations presented above are amenable for updating based 
on information obtained from field observations (Balaji Rao and Appa Rao 2004).

Appendix 2
In this Appendix an attempt has been made to compare the estimated prestress loss, 
obtained using the procedure presented in Section  3.1, with the relevant experimen-
tal values. For this purpose, 16 nominally similar girders exposed to nominally similar 
environmental conditions are obtained from the database of girders created by Garber 
et al. (Garber et al. 2016). This exercise is taken up to examine whether the AASHTO 
LRFD 2012 (AASHTO 2012) method provides satisfactory results with respect to pre-
stress loss estimation (required for applying the proposed method, Section 3). It is noted 
that results presented in this Appendix are from (Balaji Rao and Anoop 2019). However, 
these results are presented in this paper for the sake of completeness and for the ease of 
application.

The details of the sixteen girders, with dimensions and strength properties typically 
used in practice, are presented in Appendix 2: Table 2. In the last column the ratio of 
experimental to computed prestress loss are given for each girder. Neglecting the ratios 
equal to or greater than 2.0, the mean and coefficient of variation (cov) of the ratio 
are 1.29 and 0.23, respectively; these values may be considered satisfactory. Thus, the 
AASHTO LRFD2012 method can be used to compute the allowable prestress loss in the 
girders. It is noted that the computed statistics of the ratio compare satisfactorily with 
the mean and cov values (1.25 and 0.24, respectively) reported by Garber et al. (Garber 
et al. 2016) based on database of 237 girders.

Table 2 Details of the PSC bridge girders considered (Garber et al. (Garber et al. 2016))

Beam 
ID

Cement 
content 
(kg/m3)

Fly ash 
content 
(kg/m3)

Coarse 
aggregate 
(kg/m3)

fine 
aggregate 
(kg/m3)

water-
cement 
ratio

fc
r
i 

(MPa)
Relative 
humidity 
(%)

Age at 
which 
prestress 
loss is 
measured 
(days)

Ratio
of 
experimental- 
to computed- 
prestress loss 
(RATIO)

I-1 320.4 100.9 1097.6 723.8 0.34 48.3 49 980 1.166

I-2 65 939 1.015

I-3 65 948 1.082

I-4 65 962 1.213

I-5 49 975 1.052

I-6 49 973 0.958

I-7 65 946 1.015

I-8 65 966 0.995

(A-2)
πP = π

∑n
i=1 πi = 1

}
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Beam 
ID

Cement 
content 
(kg/m3)

Fly ash 
content 
(kg/m3)

Coarse 
aggregate 
(kg/m3)

fine 
aggregate 
(kg/m3)

water-
cement 
ratio

fc
r
i 

(MPa)
Relative 
humidity 
(%)

Age at 
which 
prestress 
loss is 
measured 
(days)

Ratio
of 
experimental- 
to computed- 
prestress loss 
(RATIO)

II-1 314.4 100.9 1168.7 777.2 0.22 45.5 49 955 2.371b

II-2 65 922 1.779

II-3 65 932 1.353

II-4 65 936 1.552

II-5 49 952 1.649

II-6 49 949 1.581

II-7 65 937 2.199b

II-8 65 923 1.598

a Computed using the procedure presented in Sect 3.1
b RATIOS equal to or greater than 2.0 are neglected in computing the statistics of RATIO
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